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PREFACE. 


The following;- paq;es contain all the important prop- 
ositions which arc given in books on Elementary Geom- 
etry according t() the modern method, as tlistinguishctl 
from the method of luiclid, and a knowledge of which is 
conducive to general culture, and necessary for further 
mathematical stucK*. 

The j)oints of <lirfcrcnce between tin' modern method 
and the inc'tlu^d of ICiiclid may be shortly stated thus : — 

i. Kiiclul, from a strict regard for regiilaritv, do('s not 
allow any constnn tion though retjuired only for deinc)nstra- 
ting a proposition, to be assumed as eliected, without 
shewing pr<'viously how it is to b(‘ made ; wln'reas, accord- 
ing to the modern method, for convenience of treatment, 
simple C(^nstructions, such as the his(*ction of a straight 
line or an angle, or the drawing of a straight line paralhd 
or perpendicular to anothei , an* assum«*d to be c ffected, 
when n<.‘Cessary merely lor the purpose of proving a theorem. 

ii. lujclid, with a view to dispense, as far as possible, 
with the aid of instrunnmts in effei.ling his ’const ructions, 
grants only tliree things to be done, namely, tin.* drawing 
of a st.aight line from <me point to aitother, the* produc- 
tion of a given straight line indefinitely, and lh(; describing 
of a circle from any centn* at any distance from that 
centre ; that is, he allows the use of only two instruments, 
an ungraduated straight ruler for drawing straight lines, 
but not for taking any measurements, and a pair ()f coiin 
passes for describing a circle, but not for transferring, or 
for taking the measure of, any length from one position to 
another in any other way ; whereas, in the modern method, 
these things are allowed to be effected with the aid of 
instruments. 
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iii. Euclid deals with magnitudes directly, without 
resorting to their numerical equivalents in terms of any 
units of measvirement, and is thus able to treat commensu- 
rable and incommensurable magnitudes alike, buc at the 
same time, he is obliged to have recourse to a cumbrous 
and by no kneans obvious criterion of proportionality ; 
whereas in the modern method, magnitudes, especially 
when considered with reference to proportionality, are 
taken to be represented by their numerical equivalents, 
the difficulty in the case of incommensurables being got 
rid of by the fact that they may be expressed numerically 
to any required degree of accuracy by adopting adequately 
small units. 

iv. Euclid is content wivh merely demonstrating his 
propositions, without helping the learner much to see why 
a particular construction is made, ora particular series of 
steps in a demonstration is taken ; and his propositions 
stand detached, without there being any attempt at 
generalisation of allied truths ; while Modern Geometry 
seeks to indicate to the learner, and to help him in finding 
out for himself, the reasons for the processes of construc- 
tion and demonstration adopted, and to present generalised 
statements and proofs of connected propositions. 

V. Besides the above mentioned general points of 
difference, there are some particular points, such as those 
connected with the definitions of an angle, a diameter of a 
circle, and a tangent to a circle. Euclid’s definition of an 
angle will exclude from consideration a re-entrant angle, 
and his definitions of a diameter and a tangent, though 
simple and sufficient for the circle, are inapplicable to 
many curves ; whereas Modern Geometry, in order to 
make the definitions of those terms more comprehensive, 
introduces the idea of rotation of a line about a point into 
the definition of an angle, and regards the diameter as the 
locus of the middle points of a system of parallel chords, 
and the tangent as the limiting position of a secant 

It will thus be seen that Euclid’s method, if it has the 
advantage of being more direct and more rigorous in form 
than the modern method, labours under the countervailing 
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disadvantage of being less comprehensive and more cum- 
brous ; while the modern methodi if it is less direct and less 
rigorous in form, has the compensating advantage of being 
more general and less burdensome, and better adapted to 
help progress in mathematical study. 

• 

It should be noticed that Euclid has the advantage 
of being well known and well suited for easjr reference. 

The advantages of Euclid’s method at one time seemed 
to me to outweigh its disadvantages, and induced me 
to think that his Elements of Geometry, with suitable 
modifications, should be adopted as the text book in 
Geometry for the beginner. But it has since appeared to 
me to be necessary to lighten the labour of the student in 
acquiring a knowledge of Elementary Geometry, so that he 
may be able to spare time and energy for studying other 
subjects ; and I am now of opinion that Euclid may well 
be replaced by Modern Geometry, 

But if Euclid is to be superseded, our chief aim should 
be to help the beginner in the subject in learning, with each 
and within a short time, all the important elementary truths 
of Geometry. In this little book I have accordingly omitted 
al) unimportant propositions, and tried to give the substance 
of the first six Books of Euclid in 50 Theorems and 25 
Problems. In addition to the important proposilions of 
Euclid, I have included a Problem (Problem 6 of Book III) 
for finding the numerical value of the ratio of the circum- 
ference of a circle to its diameter. This is ^taken with a 
slight modification from Legendre’s Geometry, and is in- 
serted here as a determination by simple elementary 
method, of the value of the important constant, tt, which is 
usually left to be determined by the aid of the higher parts 
of Trigonometry, though the student has to assume the 
value as known at a much earlier stage. 

To make the book complete, a few elementary proposi- 
tions of Solid Geometry have also been included. 

Problems have been separated from Theorems in each 
Book, and propositions have been sought to be arranged 
with due regard to order. 
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Symbols and abbreviations have been largely used^ 
with a view to make the demonstrations not only shorter in 
appearance l^ut more clear in reality. When once the 
student becomes familiar with the use of symbols, as he 
soon will, a demonstration presented in symbolical form 
will be grasped by him more readily , as a whole, and 
followed more easily in its different steps, than a 
demonstration written out at length in ordinary language. 

While the demonstrations given have been sought to 
be made clear, and explanatory notes have been given to 
elucidate important points, I have avoided encumbering 
the student with any superfluous help. 

The Exercises given at the end of each Book are not 
many ; but they will be found to be of sufficient variety. 
Moreover, the smallness of their number will, it is hoped, 
encourage students to attempt to solve them all, and to 
devote sufficient time and attiMition to each before giving 
it up, or asking for help. One Problem worked out b\' 
the student himself is worth more than a dozen s^lvt‘d 
with the help of others. 

NAKIKELDANCiA | 

Au{r;/st, iqo6. j 


G. D. Banerjee; 
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PREFACE TO THE FOURTH EDITION. 

% 

In this edition, the additions and alterations made 
in the second edition have been retained. Of these, Note 
2 at page 6, Theorem i6 at page 129, and Problem 3 at 
page 141 may deserve mention. 

A few more Exercises have been added. 

Problems have, as in the first edition, been placed 
after Theorems in each Book, because they almost in- 
variably require the aid of Theorems to explain the 
reasons for the constructions involved, whereas Theorems 
can hardly be .'*aid to require the aid of any F^roblem that 
follows. 

This book will, it is hoped, satisfy the requirements 
of the syllabus in Geometry prescribed by the University 
of Calcutta for the Matriculation and Intermediate Exam- 
inations. 

Deceinher 26^ 1907^ G- U- 


PREFACE TO THE SIXTH EDITION. 

In this edition a few additions have been made, of 
which the General Note after the Axioms at page 5, and 
the additional methods of proving Theorem 21 of Book ! 
and of solving Problems 5 and 6 of the same Book, may 
deserve mention. 

The grouping together of connected Propositions is 
expressly indicated by the insertion of appropriate head- 
ings before the different groups. 

July 22, iQio. 


G. D, B. 
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ELEMENTARY GEOMETRY 


BOOK L 

STRAIGHT LINES, ANGLES. AND RECTILINEAL 
FIGURES. 

SECTION I. DEFINITIONS. AXIOMS, AND 
POSTULATES. 

I. Definitions. * 

1. Geometry is the science which treats of Solids, Surfaces, 
Angles, Lines and Points. 

а. A golid is that which has length, breadth, and thickness# 

3. A surface is that which has only length *and breadth. 
Kotk, The boundaries of a solid are HurfaoeK. 

4. A line is length without breadth. 

NoTfi. The >K>undariot of a surface are lines. 

5. A point is that which has position but no magnitude. 

Note. The extremities of a line are points. 

б. A Straight line is a line which has the same direction 
throughout its whole length. 

7. A plane surface or a plane is a surface in which any 
two points being taken, the straight line between them lies wholly 
in tlmt surface. 
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8 . If two straight lines, which are not in the 
same straight line, meet they are said to be inclined 
to one another, and the inclination between them is 
called a plana rectilineal angle or simply an 
angle. 

9. If twp straight lines, which are in the 
same plane, are such that being produced ever so 
far both ways, th^y do not meet, they are said to 
be parallel to one another. 

10. When one straight line stands on another 
so as to make the adjacent angles equal to one an- 
other, each of the angles is called a right angle, 
and each of the lines is said to be perpendicular 
to the other. 

Note. The ruagnitiulc ot an in fstini/itoil by the amount of 

rotation of one of the lin«H contaiiuiiji; il ahour- thnr ptn'iit of intersection 
which if necessary to bring it to its actual position, suppoaing it to com- 
mence rotating after ooiiKudcnco u'itli the other line. Viewed in this 
way, an angle may be greater than two right angles : and such an angle is 
called a re-entrant angle. 

A lino is named by two letters placed at its extremities, 
and an angle by three letters whereof the middle one is 
placed at the point of interscotioii of the lines eontaiiiing 
It, and the other two at their other extremities. 

Thus the lines containing the angle in the annexed 
figure are named AB, AC and the angle l>etweeii them, 
ijAC or CAB. 

When there is only one angle at a point as at A, it |nay bo named 
as angle A. An unconnected line may l>e named by a sinj^o letter. 

11. An angle less than a right angle is called an 

acute angle. 

13. An angle greater than a right angle 
but le^s than two right angles, is called an 

obtnse angle 


13. A rectilineal figure is a figure bounded b3r straight 
lines. 

It is called a triangle, if it is bounded by three straight . 
lines, a qnstdrilateral, if bounded by four, and a polygon, if 
bounded by more than four straight lines. 
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14. An equilateral triangle is a triangle 
having three equal sides. • 


15. An isosceles triangle is a triangle 

having two equal sides. • 

16. A scalene triangle is a triangle having 
three unequal sides. 

1 7. A parallelogram is a four sided figure 
having its opposite sides parallel. 

18. A rectangle is a parallelogram having a 
riglil angle. 


19. A square n a r»Mingle having all its sides 
equal. 


20. A rhombus is parallelogram having all 
is sides equal. 


21. A circle is a plane figure contained by 

one line which is called its circumference^ and is ( f\ 
such that all straight lines drawn from a certain fixed f"'" ' j 
point within it to the circumference are equal to one 
another ; and the fixed point within is called the 

centre. 

22. A radius of a circle is a straight line drawn from the 
centre to the circumference. 

23. A diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 

Gkneral Note. The foregoing defimtionK give the meanings of the 
terms defined, and imply that the things eignified by thoee terms are 
possible things. Thus, it is implied that points, lines, parallel strsight 
lines, and circles can be conceived to exist and can be supposed to 
marked or drawn. 
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It iH true that a line* however finely drawn, will have some breadth, 
and a point, howe^'er small the mark representing it, will have some 
magnitude ; but the breadth in the one case, and tne magnitude in the 
other, are supposed not to exist, that is, are not taken into accoiuit. If 
this was not done, difficulties would arise. Thus, in bisecting a straight 
line, that is, in dividing it into two equal parts, the middle point, if we 
do not disregani its magnitude, will have to 1)6 divided into two equal 

K rts, and the mark by which this division is effected will again have t<v 
similarly divided, and so on, before the line can be said to be bisected. 

24. An axiom is a self-evident truth. 

25. A postulate is an assumption that a certain simple 
construction may be effected. 

26. A theorem is a proposition staling a certain truth to 
be demonstrated. 

27. A problem is a proposition proposing a certain con- 
struction to be effected. 

28. When a proposition states that a certain condition 
being assumed, a certain inference follows, the condition assumed 
is called the hypothesis, and the inference following, the con- 
clusion of the proposition 

When two propositions are so related that the conclusion 
of the one is the hypothesis of the other, and the hypothesis of 
the former, the conclusion of the latter, the latter proposition 
is said to be the converse of the former. 

II. Axioms. 

I, Things which are equal tp the hame thing are equal to 
one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be taken from equals, the remainders are equal. 

4. If equals be added to unequals, the wholes are unequal. 

5. ^ If equals be taken from unequals, the remainders are 
unequal. 

6. Things which are the same multiples of equals are equal. 

7. Things which are the same parts of equals are equal. 

8. The whole is greater than its part. 

9. Magnitudes w^hich coincide with one another, that is, 
which exactly fill the same space, are equal to one another. 
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10 . Two straight lines cannot enclose a space, nor can 
two straight lines have a common segment. 

11. All riaht angles are equal. ' 

12 . Two intersecting straight lines cannot both be parallel 
to the same straight line. 

Note. This is Playfair a axiom parallel straight linos ;and it 

is here adopted as being the simplest of all tlio aviotns that have been 
proposed regarding parallels. 

The following remarks may help the stmlont in realising the truthjof 
this axiom, whioh asserts that thnmgh a given point there ean bo drawn 
one and only one straight line parallel to a given straight line. 



bet AIMm) a given straight line, and C a given [joint without it. 
L»-*t CD be the perpendicular from C on AH ; and let a straight line rotate 
about the point C, starting fmm the position in which it is coincident 
with CD, and passing through the positions CX,, CX,, CX,, KCF, CX*', 
ex', CX'. The pviints of iis intersection with AB, that is, X,, X,, 
Xj-.-on the right side ol CD, move farther and further from D until the 
rotating line comes to the position KCF, when the point of intersection 
moves w an infinite distance from D ; and further rotation transfers the 
points of intersection to the left of CD, and makes those points, that is, 
X*, X' approach nearer and nearer to D. There is one position and 
only one, namely, ECF, in which the rotating line never meets AB ; and it 
will be observeti that this is the position in which the rotating lino doos 
not incline towards AB either on the right side or on the left side of CD. 

Oknekal Note. 1. Axioms 1 tcj 8 apply to all sorts of measurable 
quantity, while axioms 9 to 12 refer to geometrical magnitudes only. 

2. The converse of axiom 9 is not always true. Take for instance 
the case of a pair of shoes. See Book IV Theorem 16 Note 2. 

3. Axiom 10 furnishes a test of the straightness of a line. Make an 
exact copy of the line, and place the line on its copy in different positions. 
If they coincide in aU. poH^ihfe positions, the line is straight. Note that 
arcs ut ec|ual circles coincide in certain fjositions, bat do not ooinoide 
when those positions are reversed. The straightness of a ruler may be 
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tented in the tame way, by placing it side by side with another ruler 
and olMierving whether their orlges coincide in every position or not. 

4. Axiom U and deHnition 10 should be taken together. 

Definition 10 furnisheB a test of the c'oiToetness of a set square 
Draw a straight line on a plane such as a sheet of paper stretched on a 
Itoanl. Place one of the sides of the set sr|mire containing the right angle 
along the straigot line, and trace the other side on the pai)er. Hevorse 
the square and observe whether the last mentioned side coincides with 
its tra<uiig. If it 0 (k>s, the angle of the squan* is a right angle. 


III. P(;STrL\TI 

Let it be granted — 

1. That a straight line ma\ he ilrawn fnnn ari\ one point 
to any other point. 

2. That a terminated >traighl iuie iiia\ he jiiodiiced to any 

length in a straight line. 

3. That a circle may be described uith any point as centre 
and with any finite siratght line as radiu'i. 

4. That a finite straight line may be bisected at a point. 

5. That any angle may be bisected by a straight line. 

6. That a straight line may be drawn perpendicular to a 
given straight line from any point in or wiihniu it. 

7. That a straight line mav be drawn parallel to a given 
Straight line from any point without it. 

8. That a straight lino may he drawn from any point in a 
given straight line making a given angle with it. 

Notk 1. PostuUvtc.s ] and 2 a'tsumo the use of an ungraduated 
straight ruler, and postulate .3 a.ssumes the use nf a |Miir of compasses 
for descrilung a lorclc, and tor transferring dclinilt* distances or lengths in 
a straight line. 

Postulates 4 to S are assumed only for efTer'ting cert.ain sinipli^ 
const ructi(ni8 which may necessiiry for the demonstration ot lIuKuems, 
and it is stiown later (see Problems 2 to t>) how the constructions hshuuuhI 
an cflTw'ted, can be made with the help of p<»stulale8 1 to which an* 
tho only postulates that are really assumed. 

Notk 2. Tho cimsitruotiona assumed in postulates 4 and o and the 
fint part of postulate 6 may Ik; so]»po8e(l to bo effected in the following 
manner, without tho help of any instrument. 

To bisect a straight line, BUp{K)se the plane in which it lies to be 
perfectly Hiexiblo and to be foldecl so that one of the extrerait/es of the 
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line falls on the other ; then the two {larts into which the line is broken 
coincide and are equal, and the point at which it is folded is its middle 
point. 

To bisect an angle, suppose the plane in which it lies to be perfectly 
flexible and to be fokled so that one of the lines containing the angle falls 
i»o the other ; then the two parts into which the angle is divided coincide 
and arc equal, and the line about which the plane is fo((led, that is, the 
crease, is the bisecUir of the angle. 

To draw a perpendicular to a straight line from a given point in it, 
prcxlucc the lino if the given tx>int is one of its eitremities, and suppose 
the plane in which it lies to l)e perfectly flexible and to bo folded so that 
the crease passes through the given point, and the twc» parts of the line 
oil the two sides of that point fall on one another ; then the angles formed 
hy the creast^ with those t wti parts of the line ooincide and are evidently 
right angles, and the chmsc is thr perpondicnlar required. 

The fon?going reinarivs point to sonir of the exercises in paper 
folding, in which tlie student should isi practised, as a method of 
constructing geometrical flgures. 
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SECTION II. THEOREMS. 


IntrodQCtory Remarks, i. The following symbols and 
abbreviations will be used in this book : — 


pt. 

I or St. line 
Z 

rt. Z 

II 

J. 


for 

I' 


it 

it 


A 


o 

a 

□ 

0 

O 


or parm. 
or rect. 
or sq. 


If 

»> 

11 


It 


= fi 

> 

< 

AB* 

AB.CD 


point. 

straight line, 
angle, 
right angle. 

parallel to, or is or are parallel to. 
perpendicular to, or is or are per- 
pendicular to. 
triangle, 
parallelogram. 

rectangle. 

square. 

circle. 

circumference. 

because. 

therefore. 

equal io or is or are equal to. 
greater than or is or are greater 
than. 

less than or is or are less than, 
square on AB. 

rectangle contained by AB and 
CD. 


In reading the book, and in stating orally the constructions 
and demonstrations in propositions, the student should use no 
abbrevii^ted language, but should express himself in sentences 
that are complete and correct. 

2, The student should try /o see the necessity of every con- 
tniction> and to find out for himself 2A far as he can, the reason 
for the different steps taken in the demonstration of a proposition. 

5. The student should be careful not tP assume the truth 
of any proposition except the axioms given above, and the 
theorems previously proved. 
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4. Though the student may thtortiically assume the con- 

structions mentioned in the postulates given above, as effected 
correctly, he should be careful practically to ^ effect them 
correctly, and for that purpose to know how they can be made 
with the aid of instruments. For correct figures will not only help 
him in easily following demonstrations, but will often enable Wm 
readily to find out for himself the different steps of a demon* 
stration. > 

The Instruments which he should provide himself with are,— 

A Graduated Straight Ruler or Scale for drawing straight 
lines and measuring lengths. 

A Pair of Compasses with a Pencil for describing circles. 

A Pair of Dividers for transferring distances or lengths. 

A Protractor for measuring angles. 

A Set Square for drawing parallels and perpendiculars. 

Straight lines may be drawn, measured and divided with 
the help of a scale and dividers ; circles described with com- 
passes; parallels and perpctidictilars drawn with set squares 
(see Notes to Problems 5 «md 6) ; and angles measured with 
protractors. 

It may be observed here that a right angle or rather the arc 
of the circle on which it stands, is supposed to be divided into 90 
equal parts, and each of these is called a degree \ so that a right 
angle is represented by 90"*. half a right angle by 45", and a third 
part of a right angle by 30®. 

In working out numerical examples in Geometry, the student 
should verify his results by measurement. 

5. It should be borne in mind that the poirtts, lines, angles, 
and figures, referred to in any proposition in Books 1 , 11 and 
III, are supposed to lie in one plane. 
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I. Intersecting Straight Lines. 

THEOREM 1. 

If at a point in a stmij^/tt Uni\ two other straight lines on 
opposite sides cf it meet and are in the same straight line ^ the two 
adjacent angles wpich they on either side of them makelwith the first 
7nentioned straight lifteikare ioj^ether equal to two right angles. 



Fig. I Fui. 2 . 

Let the st. lines OA. OB on opposite sides of the st, line CD 
meet at the pt. O and he in the same st. line ; 

then z s AOC and C(^B together - 2 rt. Z.s. 

If z AOC = z COB as in Figure i, 
then each of them is a n. Z^ (Dehrmion 10), 
and zl AOC 4 - z COB «« 2 rt. ZLs. 

If Z.AOC and COB he not equal, as in Fig. 2, 
suppose OF. JL AB. 

Then z AOC + ZCOB - ZlAOC + Z C()h:+ zLOB, 
and ZAOK4- ZFOB - zAOC +- zCOK+ZEOB; 
ZAOC -f zCOB « ZAOK -e zEOB (Axiom i), 
= 2 rt. Z 3 (Def. 10}. 

Similarly it may he shown that 

Z AOD + Z dob == 2 rt. z s. 

CoROLLARV t. From this it is manifest that the four angles 
which two intersecting straight lines make, are together equal to 
four riglH angles. 

Cor. a. When several straight lines meet at a point, the 
consecutive angles they make, taken all together, are equal to 
(our right angles. 

Not®. Each of the two anglea AOC and COB is called the ttuppU^ 
tMfit of the other, and the two angh's are said to he j^upiHementary to 
each other. 
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THEOREM 2. 

If at a point in a straight line two other straight ^ lines on oppo- 
site sides of it meet and make the adjacent angles pn the same side 
of them tof^ether equal to tsoo right angles^ these tioo straight tines are 
in the same straight line. 



Let the st. lines OA, OB meet the st. line ()C 
at O on opposite sides of it, and make 
Zs AOC and COB together equal to 2 rt. Zsi 
then OA and OB are in the same st. line. 

For, if not, let AO produced lie as OD. 

Then ZAOC -1- zCOI)= 2 rt. Zs. (Theor. 1). 

But ZAOC + zCOB=: 2 rt. z s (by hypothesis) : 

/. ZAOC 4- z COD - z AOC-f z COB (Axiom i). 
and , taking z AOC from both these equals, 

ZCOD - ZCOB. (.^xiom 3) 
the less equal to the greater, which is absurd. 

Therefore OD must coincide with OB, 
or i )A and OB must be in the same st. line. 

Notk 1. This propoait ion is the of the preoffting ; aiut the 

met I ukI of demunstration used is the tWtV^c^ method, which cote 

sistji in sht^wifig tliat every pfjssible assumption other than that of th<* 
truth of the prnjK>silion to in) proved, leads to an ai>surd result. 

Notk 2 . AuytuHs points may he joined by a stmight line ; hut any 
thrt€ [mints are not n€U**»arily in a straight line. 

The thiee pU. A, O, and B are in a st. linij only when they are sfi 
situated that any st. line fK.' Injing diawn through the iiilcniifNiiato pf. 
the Z« A(K" and COB together- 2 it Zs. 

When three or more points are in the same straight lino, they are 
said to l>e nolHneftr. 

Anv two straight lines in a pLine whieh are not parallel, meet in a 
p<»int ; iut any three or more straight lines wbieh are not [larailel may not 
meet in tlie s>am^ {xant. When they d(», they are said to Is) concurrent. 
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THEOREM 3. 

If two straigKl lines cut one another^ the opposite angles are equal. 



Let the st. lines AOB and COE cut one another in O ; 
then ^AOC=zlBOa and zlAOD-zBOC. 

For z. AOC+ ZCOB«a rt. z s, 
and Z. BOD + Z. COB - a rt. z s (Theor, i ) ; 
.% ZAOC+Z.COB=zBOD+Z.COB; 
and taking the z COB from these equals, 
ZA0C=ZB0D. 

Similarly z AOD= Z BOC. 


THEOREM 4. 

If a straight line falls on txoo intersecting straiglU lines^ it makes 
the alternate angles unequal^ the angle on that side of it on which the 
two intersecting lines meet being less than the angle on the other side. 



Let the st. line C£ fall on the intersecting st. lines OA, OB ; 
then zODE< zDEB, and zOED< zEDA. 
Suppose DE bisected in G, and OG produced to H 
sothatGH=OG. Join EH. 

Place A EGH (reversed) on A DGO so that 
the pt. G of the one A may be on the pt. G ofc the other, 
and the side G£ on the side GD : 
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then the pt. £ shall fall on the pt D, V GEmGD. 

And GE failing on GD. GH shall fall on GO, 

V ZEGH= ZDGO (Theor. 3), 
and the pt. H shall be on the pt O, V GH=GO. 

And V ' pts. E and H fall on pts. D and O 
/. EH shall fall on DO. (Axiom 10). 

Thus AEGH coincides with ^DGO, and ^iGEH^with /iGDO, 
and/. zGDO:=Z.GEH. 

But ^lGEH<zDEB, 

/. Z.GDO, that i.s, iiiODE<^DEB. 

Similarly Z. OED<r Z. EDA. 



>4 


ELEMENTARY GEOMETRY, 


[book I. 


II. Parallel Straight Lines. 

THEOREM 5. 

I. If a strKU)^ht line falling on two other slrai^hl lines ^ makes 
the iilternate angles equals these two straight lines are parallel. 

II. Conversely^ if a straight line falls on two parallel straight 
lines.^ it makes the alternate angles equal. 



I. Lci the St. line AB fall on the st. lines EF, GH 

so that f E('D= f CDH ; 
then EF |! GH. 

For if not, let EF and GH meet in I. 

ThtMi ^CDH<Z.ECD (Theor. 4) 
which is impossible, 

V ^ CDH= Z. KCD by hypothesis. 

Hence EF, GH cannot meet in the direction of I. 
Similarly it may be shown that they cannot meet in the 
opposite direction. 

They are therefore parallel. 

II. I.ct the St. lines EF, GH be parallel ; 

then ^ECD=ziCDH. 

For if not, one of them, ^ECD> the other, zCDH. 

Suppose Z. ] CD = ^ CDH (Postulate 8). 

Then st. line ]CK || GH by the theorem just proved. 

And vEFlIGH, 

/. both ECF and JCK |1 GH, 

whkh is impossible (Axiom ta). 

Hence ilsECD and CDH are not unequal, that is, they 
•are equal. 
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THEOREM 6. 

I, If a straight line falls on two parallel straight iineSy it makes 
the exterior angle equal to the interior opposite angle on the same side 
of ity and the two interior angles on the same side of tl together equal 
to two right angles, 

II. Converselyy if a straight line falling on tivo other straight 
lines mikes the exterior angle equal to the interior opposite angle on 
the same side of ity or the two interior angles on the same side of it 
together equal to hvo right anglesy the two straight lifies are parallel. 



I. Let the si. lines EF, GH be parallel, 

and let the st. line AB fall on them ; 
then ZBDH-ZIBCF, 
and L BCF + Z. ADH=:2 rt. Z.s. 

For, VEFilGH, 

/. zBCF-zADG (Thcor. 5) 

= Z.BDH (Theor. 3). 

Again, V L BCF - z BDH, 

/. Z BCF + ^ ADH = Z BDH + Z ADH 
=2 rt. Z8. (Theor. i). 

II. Let z BDH -Z BCF 
or let Z BCF + Z ADH = 2 rt. z s ; 

then EF p GH 

For, V Z BCF- z BDH= z GDC (Theor. 3), 
/.EF 11 GH (Theor. 5). 

Again V z BCF f z ADH=2rt. zs—ZADG+ZADH (Theor.i), 
/. taking z ADH from both, 

ZBCF=ZADG, 
and /, EF I1 GH. (Theor. q). 
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Notk. When a straight line falU on two others, if the latter are 
l»arallel, then 

(1) the alteniate angles are e<|aah 

(2) the exterior angle in equal to the interior opposite angle, and 

(H) the two interior angles on the same sule of the cutting line 

ait) supplementary. 

And conversely, if any one of these conditions is satisfied, then the 
linos are parallel. ^ 

The first case is proved independently, and the other two are deduced 
from it. 

It will U' s<M!ii that there are two pairs of exterior angles and two 
pairs of interior angles, and tht» two angles of each pair are supple- 
mentary. It will alsr> be ohnerved that the four interior angles taken in 
pairs alternately, constitute two pairs of alternate angles. 


THEOREM 7. 

If two straij;;ht lines are parallel to the same straight line^ they 
are parallel to one another % 


6 



c u: „D 

e;_ F 

> 


Let the st. lines AB. CD be both parallel to EF ; 

. then AB !1 CD. 

For let any st. line GHIIK fall on the three st, lines. 
Then V AB « EF. 

L AHK= z GJF (Theor. 5). 

Again V CD I1 EF 

.•.idGID-Z.GJF(Theor. 6) 

Hence ^AHK= zGlD (Axiom i). 
and AB ll CD. (Theor. 5). 
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Cor. If two intersecting straight lines are respectively 
parallel to two others, the two pairs of lines contain equal angleSs 



This is clear from the Figure, where 

Z C » between BC and C'A' 
= Z C' (Theor. 6). 


2 
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III. Relations among the Angles and 
Sides of a Triangle. 

THEOREM 8. 

If three straight lines intersect so as to form a triangle^ the three 
interior angles are together equal to two right angles. 



Let the three st. lines AB. BC, CA, form the A ABC; 
then z CAB * ^ A RC -f / BC A « 2 rt. L 
Produce BC to D and suppose CE|1AB. 

Then V CE||AB. 

A ZCAB= /lACE (Theor. 5), 
and L ABC - L ECD (Theor. 6; ; 

Z CAB + Z ABC -h / BCA - z ACE + L ECD 4. l BCA 

= z:dca + zbca 

« 2 rt. Z. s. (Theor. i ). 

Cor. I. Any two angles of a triangle are together less than 
two right angles. 

.Notk. 1. Heiioe if one anglo of a triangle he ohtuse or right, the 
other two anglea must both ho acute. 

Cor. 2. If one side of a triangle is produced, the exterior 
angle is equal to the sum of the two interior opposite angles, and 
is greater than either of them. 

Cor. 3. All the interior angles of any rectilineal figure 
together with four right angles, are equal to twice as many right- 
angles as the figure has sides. 



Let us take any rectilineal figure of n sides ; 
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then all the interior Zs-i-4 rt. Zs-an rt. zs- 
Take any pt, O within the fi^re, and join it with all the angular 
points of the figure. Then the figure is divided idto nAs. 

Now the interior Z® of the mas - an rt. Zs. 

But interior z s of the n As - interior z a of the fig. 4- Z a at O ; 
and the Za at O - 4 rt. z s (Theor. 1, Cor. «) ; 
the interior Zs of the fig. 4-4 rt. Zs-an rt. Za. 

Cor. 4. If the sides of any rectilineal figure^which has no 
re-entrant angle arc produced in order, the sum of all the exterior 
angles is equal to four right angles. 

Suppose the figure to have n sides. 

Then all the interior Zs all the exterior Z a - an rt. z s. 

and all the interior z s+4 rt. z s - an rt. z s ; 

/. all the exterior zs -4 rt. Zs. 

N(»te 2. Theoroms 8 and 6 hUow that when a ntraighl line falls on 

two other straight lines, the sum of the two interior aiiglos on inther 
side of it is e<iiial to, or less than, or gn.‘Ator than, tw'o right angles, 
a4.v f)rding as these two straight lines arc parallel, or arc convergent or 
divergent on that side, the defect or excess i>eing equal to the angle 
l)ctw'cen the two straight linos. Ami if w'e rcganl the angle lietw'oeii 
two parallel straight lines as zero, the same truth may l>o shortly stateil 
thus : — When a straight line falls on two other straight linen, the (lin«r< 
(Mice hetween the sum of the two intt^rior angitis on eitlicr side of it 
and two right angle.s is equal to the angle between those two straight 
lines. 


Cor. 5. Corollary 3 enables us to determine the magnitude 
of an interior angle of any regular (that is equilateral and equi- 
angular) rectilineal figure thus : — 


Let the figure have n sides. 
Then an interior / - x (a« - 4) rt. Z s 


-(2-;-) rt. Li 

— 5 of a rt. z if « - 3. 

or - I rt z if « - 4, 

or - Jof a rt. z if «-5. 

or - J of a rt. Z if « - 6, 

or - of a rt. Z if « “• 
or - :J of a rt. Z if « - 8, 
&c. &c. 


And hence, v the angular space round a pt. - 4 rt. Z 9» 
equiangular triangles (6 in number), squares U in number), and 
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regular hexagons (3 in number)^ are the only regular figures that 
can exactly fiU such space, 3 regular figures of 7 or more sides 
filling up more than 4 it. / s ( V3 x V® -4?^’ d:c.>ands 
such figures being insufficient (V they fill up angular space that 
is less than 4 tL Z.s). 

Note 3. It may i)e nWrved that the he« makeR the oelU of her hive 
in the shape of regular hexagonal prisma, there being thus no loss of space 
about any point junction ; and economy of apace is further secured by 
reason of the hexagon approaching more nearly the roundness of the 
cylindrical larvie lor the alxxle of whioli the cells are intended, than the 
other two regular figures mentioned alM)ve. VVe may therefore truly say 
of the l>e«9, 

How akillfully she builds her cell ! 

Note 4. It should be borne in nnnd that the rectilineal figures 
refen’ed to aljovo are plant figures. 
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Another Proof op Theorem 8. The following demonstra* 
tion of this important theorem, first given by Playfitir, deserves 
the student’s careful consideration. 



Let ABC be a A* 

Produce CA, AB, and BC to D, E, and F respectively. 

Let AD rotate about A through zDAB, 
that is, till it coincides with AB; 
and then translate AD along AB till A comes to B. 

Now let AD in this altered position rotate about B through A EBC, 
, that is, till it coincides with BC ; 
and then translate AD along BC till A comes to C. 

Next let AD in this altered position rotate about C through 4 FCA, 
that is. till it coincides with CA ; 
and lastly, translate AD along CA till A and AD 
coincide with their initial positions. 

Thus by roution through A DAB + /. EBC + z FCA, 
and by translation, 

AD comes back to its initial position. 

And as rotation is independent of translation, 
and the total rotation necessary to bring a st. lise back 
to its initial position, is rotation through 4x1.45, 
the total rotation of AD or 4 QAB+ 4 EBC + 4 FCA, 
that is, the sum of the exterior 4 s of the AABC=:4rt. z s. 

But the sum of the exterior zs+sum of the interior A s«" 6 rt. z 8 ; 
•*, sum of the interior 4 s«« art. ^s. 
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THEOREM 9. 

I. If two sid€s of a triangle are equals the anjs;les opposite to 
them are also e)qual, 

II. Conversely^ if two angles of a triangle are equals the sides 
opposite to them are also equal. 



I, Let the sides AB, AC of AA.BC be equal ; 

then ZACB«ZABC. 

For suppose Z.BAC bisected by AD, 
and suppose A ABC folded about AD. 

Then V /I CAD - Z. BAD, AC shall fall on AB ; 
and V AC- AB, pt. C shall fall on pt. B, 
and side DC on side DB (Axiom lo). 

Thus A ADC coincides with A ADB and ^lACB with ^ ABC 
and Z. ACB - z ABC, (Axiom 9). 

II. Next let z ACB -z ABC; 

then AB - AC. 

For If not, one of them > the other. 

Suppose AC>AB, and AE- AB. 

Then Z AEB - z ABE (from what is just proved). 

But Z AEB> z ACB (Theor. 8, Cor. i), 

A ZABE> ZACB; 
and V ZABC> ZABE. 

A ZABC> ZACB, which is absurd, 
being contrary^o the hypothesis. 

Hence AB and AC are fiot unequal^ that is AB - AC. 

Cor. Hence every equilateral triangle is also equiangular, 
and conversely, every equiangular triangle is also equilateral. 
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THEOREM 10. 

L If one side of a tri Jingle is greater than another^ the angle 
opposite to the former is greater than the iingle opposite^to the latter. 

1 L Conversely^ if one angle of a triangle is greater thtin another^ 
the side opposite to the former is greater than the side opposite to the 
latter. 



I. Lei the side AB or the A ABC be greater than AC ; 

then / ABC. 

Suj)pose Al) -- AC. Join CD. 

Then /ACD- z ADC ( Fheor. 9). 

But z ACB> z ACD and > z ADC, 
and Z ADC> z ABC (Thcor. 8, Cor. 3) ; 

A zACB> zABC. 

II. Let z ACB be greater than z ABC ; 

then AB> AC. 

For if not, AB either - or < AC. 

But AB cannot be equal to AC. 

for then z ACB would be equal to z ABC which is not the case ; 
nor can AB be less than AC, 

for then Z. ACB would be less than Z ABC which is not the case. 
Hence AB> AC. 

CoR. Of all straight lines that can be drawn to a given 
straight line from a given point without it, the perpendicular is 
the shortest. 


For if CD J. AB and CE any other st line, 
V zCDEisart. z and .%> zCKD 

(Theor. 8, Cor. i), 
A CE > CD, 



XOTE. From Tlieorem* 9 ami 10 it follows that if one side of a 
triangle is greater than, to, or ]es« than another, the angle op^oeite 
ta the former, is gn^ter than, e<|ual to, or leaf than the angle op^KJsito Uj 
the latter. 
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THEOREM 11. 

iwo sides of a triangle are together greatet than tlu third 

side. 



Let ABC be a A of which AF 3 , AC are any [\\o sides ; 
then AB-I- AC> BC. 

Produce BA to I) and suppose ADr^AC. Join CD. 

Then V AD — AC,/, z ACD=: z ADC (Theor. 9). 

But z BCD> z ACD./. z BCD> z ADC, 
and.*, BD or BA + AD>BC (Theor. 10). 

But AD = AC; 

/.BA-f AC>BC. 

CoR, A straight line is the shonest distance between any two 
points. This is really evident. l>ut if necessary it may be proved 
thus : — 



Let A and B be any two pis., 

joined by the st« line AB and the crooked line ACDB or curve 
ACD'B. 


^ Then AC + CD> AD, and AD+DB> AB ; 

.•.AC + CD + DB> AB. 

Similarly AC -|-C D' -i- DT^> AB. 

And by taking on the curved line a sufficiently large number 
of points near one another, the length of the curve may be 
made to differ as little as we please from the crooked line joining 
those points. 
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IV. Congruent Triangles. 

THEOREM 12. 

If (wo if tangles have (700 sides of (he one equal to two sides of (he 
other ^ each (0 each^ ami the angles contained hy those sides equal to each 
other^ then their bases or third sides are equate (he triangles are equals 
ami their remaining angles ate cqualy eith to ttuhy namely ^ those (0 
which the equal sides are opposite* 


/ \ 

B C 


Let ABC and DEF be two As m which 
AB-DE. AC«I)F, and / BAC-^ZlEDF; 
then BC«FF, AABr-ADEF, 

AADC- ziOKF, and i ACB- L DFE. 

For, apply ilieAABC 10 iheAl^KF so that 
pt. A falls on pt D. and si line AB on st. line DE ; 
then B shail tall on E, vAB=DE. 

AC shall fall on DF, •/ i BAC= i KDF. 
and C shall fall on F, VAC*.I)F. 

And VB and C fall on E and F, 

/, BC coincides with EF and is equal to it. (Axioms 10 and 9 > 
Thus the A ABC coincides with the A Di.F and is equal to U, 
and the l s ABC, ACB respectively coincide with 
the ZsDEF and DFE, 
and arc equaL each to each. (Axiom 9.) 

Nt/fK 1. Triaiigieii and other hgurett whirh can tio mode to coincide, 
and are therefore o^ual in e>ei\ roHp<H*t, arc haid io be congruent. 

Note 2. The student should carefully note the import of the words 
^*each to each, namely, thrMM* to which the eijual sides are opposite/* Z B 
to which AC IS opposite, is er^ual to zK to wdiich 1)F, equal to AC^ is 
opposite, and not to Z F. 
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THEOREM 13. 

If two itianj^lcs have two sides of the one equal to two sides of the 
other^ each to each^and also their bases equals the anj^le contaified by 
the two sides of the one is equal to the an^le contained by the two 
sides of the other ; and the triangles are equal in every respects 



Let x\BC, DKF be two As in which 
AO = DF, and BC=EF; 

then ^BAC« i EDF, and the As are congruent. 

P'or apply the A ABC to theADEF so that 
B falls on E. BC on EF, 

[andAABC on the side of EF opposite to D ; 
then C falls on F. VBC=:I^F. 

Let AB, AC have the positions GE, GF. Join DO. 
ThenvDE-AB-GE, 

L EGD=: L EDG (Theor. 9) ; 
andvDF«AC-GF, 

ZFGD« zFDG (Theor. 9); 
adding these equals. 

L EDF« zEGF=Z.BAC. 

and.Mhe two as ABC and UEF arc congruent (Theor. 12). 
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THEOREM 14. 


}J two tn.inj^Us have tivo tingles of the one equal to two anj^es 
of the other ^ each to each^ and have a side of the ong^ whether adjacent 
to the equal anj^les or opposite to one of them^ equal to a corresponding 
side of the other^ the two triangles are equal in every respect. 



Let ^BC and 1)KF hi Iao vvhich 

Z.ABC«^iDKF, £ACB=zDFIi:, 
and either BC - EF, or BA » ED ; 
then the As ABC and DEF are ei|ual in every reapcct. 

First suppose BC-EF. 

Apply the A ABC to the A DEF so that 
B mav fall on E and BC on FIF ; 
then C shall fall on F, V BC-EF. 

BA shall fall on ED, V / B=:4E, 
and CA shall fall on P'D, V 4 C - 4 F ; 
and A shall fall on D, V BA and CA fall on ED and FD| 
and any other position of A would make BA and ED or 
CA and FD, or both pairs of lines, have a common segment, or 
common segments, which is impossible (Axiom lo). 

Thus the two As ABC and DEF coincide, 
and are equal in every respect (Axiom 9). 

Next suppose BA = ED. 

ThenV I B-F 4 C+ 4 As= 2rt. s= 4 E+ 4 F+ 4D (Theor. 8), 
and 4 B-F ^C= 4 E-F 4F, (Hyp.), 

/. zAci 4D, 

so that this case becomes similar to the first case, 
and /. the two As are congnient. 
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V. A CASE OF NON-CONGRUENT TMANGLES. 

THEOREM 16. 

I. If two trumgtes hcn>t two mit's of the one equal to two sides of 
ike otker^ tack to cocky hut the angles included by those sides unequaly 
the hose of the triangle having the greater included angle is greater 
than the base of the other. 

n. Conversely y if two triangles have two sides of the one equal 
to t7vo sides of the othery each to each, but their bases unequaly the 
angle included by the two suits of the triangle having the greater 
bast is greater than the corresponding angle of the other. 



I, Let ABC, DEF be two As in which 
AB«DE. AC«DF, but ^BAC> AEDF; 

then BC>EF. 

Let DE be not greater than DF. 

Suppose z EDG = A B AC, and DG DF or AC. 

Join EG and FG and let EG cut DF in H. 

Then V DE is not greater than DF or DG. 

/• aDGE is not greater than A DEG (Theor. loV 
But z DHG> z DKG (Theor. 8 , Cor. 2). 

/. aDHG> z. DGE. and /, DG or DF> DH, 
t^t is. H falls above F. 

Now V DG=DF, /.^DFG=ziDGF. 

And ilEFG> z DFG or ^DGF and ,%> z EGF, 
/.EG>EF (Theor* 10). 

But V in the As ABC and DEG, ABsDE, ACsDG 
and A As A EDG, 

/,BC=EG fThcor. 1 1). Hence BC> EF. 

II. If in the As ABC, DEF, AB««DE, AC-iDFbut BC>EF, 

then aBAC> aEDF. 

For, if not, zBAC eitheraBor < aEDF. 

Bat abac is not equal to aEDF. 

V in that case fiC>-EF which is contrary to the hypothecs. 
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Nor is L BAC^ t EDF, 

V in that case BC<EF which is contrary lb the hypothesis, 
r L BAC> c EDF. 

N()TB. Theorems 13 and 10 inaj tie taken togethei and enunciated 

thUB *— 

If two triAii^leH have two Bides of the nne eijual to two sides of the 
other, each to esc h, the third side of the one will lie greater than, oqQal 
to, or less than th^ third mdo of the othoi, ac^cording as the angle 
contained h> the other two sidcH of the former is greater than, ei[nal to. 
or lees than the angle contained h^ the other two sides of the latter. 
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VI. Parallelograms. 

THEOREM 17. 

The opposite sides ami anclet of a paralletoj^ram arc equals and 
each diagonal bisects it. 



Let A BCD be a parm.. and AC, BD its diag^onals ; 
then AB=CD, AD-BC, Z. BAD « BCD, ^ABC=ZADC, 
A ABD= aCDH. and A ABC= aCDA. 

For V AB II CD, /. ^ABD= zCDB (Theor. 5) ; 
and V AD || BC, A , z ADB= /, CBD (Theor. 5). 
Thus, in the two As ABD, CDB, 

L ABD= / CDB, t ADB= z CBD, and BD is common to both, 
/. AB=CD, AD-CB, L BAD- z BCD, 
AABD=aCDB, (Theor. 14). 

Again V L ABD- /. CDB, and L CBD-^lADB. 

,% the whole L ABC -the whole L ADC. 

Similarly it may be shewn that A ABC - ACDA. 

Cok. I. The straight lines which join the extrenvties of 
two equal and parallel straight lines toward.s the same parts, are 
equal and parallel. 

Let AB and CD (in the above fig.) be equal and parallel ; 
then AD and BC are equal and parallel. 

Join AC. Then in the two As BAC, DCA, 

AB - CD, AC is common and L BAC - Z DCA ; 

/. AD-BC, and z ACB-zCAD (Theor. 12), 
and /. AD tl BC (Theor. 5). 

Cor. 2. If one angle of a parallelogram is a right angle, all 
its angles are right angles. 

For L BAD+ L ABC -2 rt. Zs (Theor. 6) ; 

/. if L bad - a Tt. z » then Z ABC also - a rt. z . 

And the other two Zs which are opposite and therefore 
equals to these are also rt. Z s. 

Noth. The rectangle contained by AB and BC, Is shortly called the 
rectangle AB, BC» and i» named by two letters placed at its opposite 
angles. 
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Cor. 3 . If three or more parallel straight lines make equal 
intercepts on any straight line cutting them, then thetr intercepts 
on any other straight line that cuts them are also equal. 



Let A3, CD, EF be three parallel st. lines, 
and let their intercepts 1], JK. on GH be equal ; 
then their intercepts NO, OP on LM are also equal. 

Suppose BOQ || GH. Then IJOB and JKQO are parms., 
and 00=11 - JK (by hypothesis) - OQ ; 
and L OBN - /-OQP, and ilONB-^OPQ (Theor. 5 ); 
from ONB and OPQ, ON - OP (Theor. 14 ). 

Cot. 4 . Parallel straight lines are everywhere equidisunt. 
For if perpendiculars are drawn upon one of them from any two 
points in the other, a parallelogram will be formed of which the 
two perpendiculars will be opposite sides, and so they will be 
equal. 
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VII. Areas of Parallelograms 
AMO Triangles. 

THEOREM 18. 

Paralltlograms upon the sauu base and between the same parole 
leU art equal in area. 



Let parms. ABCD and EBCF be upon the same base BC, 
and between the same parallels BC, AF ; 
then pann. ABCD»parm. EBCF. 

For V ABCD and EBCF are parms., 

AB=DC, and BE==CF ^Theor. 17) ; 

and V AB P DC and BE || CF, 

/. JL A BE— ^ DCF (Theor. 7, Cor.); 

AABE-^ADCF (Theor. 12). 

Now taking these equal As successively from the figure ABCF, 
the two remainders arc parm. ABCD and parm. EBCF ; 

A parm. ABCD— parm. EBCF (Axiom 3). 

'StrtE 1. The two parallolograniH ABCT) *nd KBCF afe o<ioa1, not 
in every respect, but only in area. This proposition is the tirat inatanoe 
ot the of two figurea in area only, a« distiiigtiisbed from e(|uality 

ill every reapect. 

From the abo^'e proof it will V»e neoTi that either of the two parallel- 
ogrume (Uin be cot into parts which taken together will exactly fill up 
the space occupied by the other. 

Note 12. If parallelograms on the same base are of the same altitude, 
they are equal. For they may lie placed on the same side of the base, and 
then they will he between the' same parallels, because if the altitudfs, that 
is, perpendiculars to the base from ^inte in the opposite sidei are drawn 
on the same side of the base, they being equal and parallel, the straight 
line Joining their forthar extremities will be paralfel to the base <Tb^. 
17, c5or. 1). 


3 



34 


ELEMENTARY GEOMETRY. 


[ROOK L 


THEOREM 19. 

ParaUelof'rams upon equal bases and between the same Parallels 
arejcqual in area. 



Let parms. ABCD and EFGH be upon equal bases BC and FG, 
and between the same parallels AH and BG ; 
then parin. ABCD— parm. EFGH. 

Join EB, CH. 

Then V BC — FG=EH (Theor 17) and BC H EH, 

BE II CH. (Theor. 17, Cor. i> and EBCH is a parm. 

And parm, ABCD— parm EBCH (Theor. i8) 

=parm, EFGH (Theor. 18). ‘ 

Xolte. If paraUeliigrflins on eiuud Unes aw of the name altitudo, they 
fxpial. For. aA jiointinl out in Note 2 to the preceding thei>rem, they 
may tw pliwiod iHjtwt*©!! the »aino parallels. 
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THEOREM 20. 

I. Triangles upon the same base and between the same parallels 
arc equal in area, 

II. Conversely^ equal triangles upon the sam^ base are between 
the same parallels. 



I. Let As ABC. DBC he upon the same base BC, 
and between the same parallels AD and BC ; 
then A ABC— aDBC. 

Suppose BE 1 ! AC, and CF It BD, and complete the 
parms. EBCA, FCBD. 

Then V parm. EH("A — parm. FCBD (Theor. i8), 

’ andAABC-- i parm. EBCA, 
andADBCr=~J parm. FCBD (Theot. 17)* 

/. A ABCcrtr A DBC (Axiom 7). 

IL Let As ABC and DBC be equal, 
then AD |1 BC. 

For if not, suppose DG || BC. 

Thfen A GBC=ADBC=a ABC, which is absurd (Axiom 8) ; 

/.ADIIBC. 

COK. I. From this and Theorem 17, it is clear that if a 
parallelogram and a triangle are upon the same base and between 
the same parallels, the triangle is half of the parallelogram. 

CoR. a. From this and Theorem 19, it is clear that triangles 
upon equal bases and between the same parallels are equal 
in area. 

Noth I. The above prop^witioa and iu onnverse will lie c<pially 
true, if for the Wf>rde ** between the same parallelA ’’ the words ** of the 
Bame altitude’* are anlMtituted. Thia will lie clear from Note 2 
l*beoren) IS, it being lN>me in mind tliat the altitude of a triangle k the 
perpendicular on the baae from the oppoaite angle. 
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Nome 2. TbcMjreiDB IB to 20 help uh in ex pressing areas of parallel* 
ograms and triangles uiimerically. 

Any ma^iitude may be represented numerioally by adopting some 
d^nitt magnitude of the name kind as the unit, aiid ascertaining what 
number of times it oontains the unit. The numlier thus ascertained will 
represent the magnitude measured, in this sense, that it will indicate 
what num1>er of tinn^ the magnitude in <|iieBtion oontains the unit adopt* 
orl, so that we may have an idea of the quantity of the magnitude, if not 
of its/orm, by multiplying the unit by the as<Msrtained number. 

Thus in measuring lengths we may adept an inch, or a tenth of an 
inohi or a foot, as our unit : and then any given length which ooiitaina 
24 iiiohoH, or 240 tenths of an inch^ or 2 feet, will be represented by 24 
inches* or 240 lentlis of an inch, or 2 feet, so that we may have an idea 
of the quantity of the length by multiplying an inch by 2*4, or a tenth of 
an iru'h by 24i), or a hsit by 2, though th«we numl>ers will give us no idea 
as to the form of tlio line of which the length is iiK^murcd, that is, as to 
whether the line is straight or curved* 

In measuring areas, the area of some dgiire of rletinitc shape and 
size should he adopted as the unit, and any givt n area wdl he I'cpresetitetl 
by the luimUir wliieli indioat«*s how often it coiitaiiiH the unit. Kor the 
sake of Himjtfu'ity and roHmnienre, th<' M^uare on the unit of Unqth adopted 
is taken as the unit of tir^ia. That this is a »implt unit to adopt is clear ; 
that its a<loption leads to ronmuitat results will be seen presently. 



Suppose n e have to measure the area of a rectangle A BCD u hioh 
measures 2 inches and 3 inches along the sides AB and BC respective!} , 
an inoh being the linear unit chosen. Dividing AB and BC into 2 and ^ 
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e(]ual part* respectively, atid drawing paralleUi through the pointaof 
division as in the figure, wo havo the rectangle divided into 2 rows of 
squares, each row oontaining 3 squares, whereof each ig a square on an 
inch ; so that tliere are altogether 3x2 square inches in it. The side BO 
is usually called the tose, and the side AB, the aMud^ of the rectangle 
ABCD, 80 that the area of the rectangle contains a number of squares on 
the linear unit, or urdfe q/* area, equal to the product of the nuiulwr of 
linear unite in the base and the nuiubor of linear unite in the altitude. 
And this is shortly stated hy saying that—* ^ 

TAe area of a ruUknfLt ie equal to the product of the Itaec and the aUi- 
tude. 

As the area of any parallelogram on the same hneo, and between the 
same parallels, that is, having the same altitude, is, by Theorem 13, equal 
to the area of the rectangle, we may also say that, 

The area of a parallelogram is equal to the product qf its baee and 
altitude . 

And as the area of a triangle on the same base, and beiu'uen the same 
jiaralleU, that is, of the same altitude, as a parallelogram, is half of that 
id the piirallelogram, wo may say that. 

The area of a triangle ie equal to half the product (f ite Ifoee and its 
altitude. 

The satno thing is true if AB and BO involve fnictions. Thus if 
AR' = 1,} iiicheH, and 1V0 's32s iiicbtMi, the rectangle will oonbain 21x1* 
square inches, that is, 

2x1 entire s<)uares, in the first horizontal row 
+2x i portions of a square in the second ... 

XI portion ... ... third vertical row 

•flXi ... ... ... corner. 

Hence, generally, if AB and BC contain a and h lindar unite, 
the area of the rectangle A BCD contains axb superficial untte« 
each being a stjuare on the linear unit ; 

or shortly if AB=:a and hC"»h, 
recungle ABCD^aX^, 

a very convenient formula, which the adoption of the s(i]nare an the linear 
unit as the unit of area leads to« 

If a^bf ABCD is a square^a* 

Nora 3. It will be easily seen from the above figure, that if the 
three parts into which AD' it divided are respectively equal to a, b and c, 
that is, if AD'=«ad*b+c, and 

(a + b+c)k«^al 4* bA + dt. 
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VIII. Relation between the .Square on one Side of a 
Triangle and those on the other two Sides. 

THEOREM 21. 

In a righi-an^ied iriangle^ the square on the side opposite to the 
right angle is equal to the sum of the squares on the other two sides. 



Lei ABC he a ri^ht-an^l&d A havin^f the rt. ^ HAC ; 
then pq. on lJC=sq on AB4-i*q- on AC, 

Let BDEC, ABFG. ami ACIIl be ihe sqs. on HC, AB, and AC. 

Join AD and CF, and suppofe AJ -! BD or CE. 
Then V Z BAC is a it. i and so \h i BAG (Theor. 17. Cor.z) 
,%CA and AG are in the same st. line (Theor. 2), and CG || BF. 
AndVZCBD=: l AHF teach beinj? a right L\ 
adding ZAl>C to boih, 

Z ABI)-. I FBC : and BD--BC and BA -BF ; 

• /. AABI) -AFBC (Theor. 12), 

Now rectangle Bj is double of A ABD. 
and sq. BG is double of AFBC (Theor. 20, Cor. i) ; 

/.sq. BG=^recl. BJ. 

Similarly sq. Cl~rcct. CJ. 

And.*«sq. on AB + sq. on AC*»rect. BJ + rect. CJ««sq. on BC. 

Note 1. This theorem is known as the Theorem of Pythagoras. 
But it was known to the Hindus in very early times, as w« gather from 
the S^ulva Sutras. Soe Dr. Thibaut's Paper ui the Journal of the Asiatio 
Society of Bengal, Yol. 44 (1875) p. 227. 

The side opposite to the right angle is called the Aypotrnuse. 

Note 2. Using the notation in Note 2 to Theorem 20, 
AB*+AC*-iBC’ or if BC=«, CA-ft and AB*r, 

And if 6 = f, a««26*, or J 2x5. 

Hence thediagimal of a sciaare= 4/2 X the length of a side. 

Now tfZ is tfteoiftmeneMra5(e, t^at is, it is incapable of being espreeaed 
exactly by any number, integral or fraotional, though its value may be 
iqiiprcuniiiately expressed to any degree of accuraoy we pWase, by carrying 
Oil the operation of oxiractitig the square root of 2 to more and more 
places of decimals. 
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Tho value of R/2as found by caloulation ii 1*414213 If the 

side of a Bt^iuire is 1 inch, and we calculate to 4 places of decimals, the 
diagonal will be represented by 1*41 42 inches ; that is, if we regard^Vi^th 
of an inch as the unit, the side will be represented by 10000 and the 
diagonal by 14142, and the difference between this last number and the 
true length of Uie diagonal is less then of an inch. Jtgain, if we 

calculate to 6 places of decimals, that is, regard of an iiiob 

as the unit, the siae and the diapnal will lie represented respectively 
by l0tM)0iX)and 1414213, and the oifferenoe between this last nnmlier and 
the true length of the diagonal is less than an inch. And in 

this way, any degree of accuracy can be aeconMl by taking more and 
more pbices of decimals, that is, by adopting smaller and smaller units* 

I’ractically then, all magnitudes may be considered as oommensurable, 
necessary accuracy in the ease of inoommeiisurablo magnitudes l)eing 
securiMl by adopting as small a unit as may bo reiiuin^i for the pur^iose. 

Note *3. Any sfde of a right-angled triangle may be determine 
nomericall}’, if the other two sides are given, from the formula. 
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Another Proof of Theorem at. 



Let ABC be a right angled A having the rt. / A. 

Produce AB to D, and 8uppo.He BD— AC, and AE - AC. 
Then ED--AB. 

Let ACFE and EDGH be sqs, on AC and ED. 

Then KDGH .= sq. on AB. 

Produce FH to I, and suppogc HI™ AC. Join Cl, IG, GB. 
Then As BDG, IHG, and CFI arc congruent with 
ACAB (Theor. la). 

And CB^BG--IG -Cl 

Also z IGH-^ZBGD, and .% z IGB- z.DGH«a rt. Z. 
Again zCIG-=zCIF-l- ZHIG- zCIF+ z FCI 
a rt. Z ( Theor. 8). 

Thus BCIG is a 5q. on BC. 

And BCIG or sq. or BC-Fig. CBGHF+ AIHG^- aCFI 
=^Fig, CBGHF+ aBDG + ACAB 
~“sq. EDGH + sq. AEFC 
«=^sq. on AB+sq. on AC. 

NoT£. 4. This method of proof sbowm how the aqoare on the hypot- 
enoM oaii be cut up into parte (rninieljr, the three parte, 8gare CB(f HF, 
triangle IHG and triangle CFI) which Iwiog re^arrangetl make op the 
fH]uares on the other two eidee placed in juxiapoeitioD. 
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THEOREM 22 . 


// /Ae square on one suit' of a triam^le is equal to the sum of 
the squares on the other two sii/efy the anj^le opposite to the first 
mentioned side is a rii^ht an^le. 



Let API? be a A in which sq. on BCrssq. on AU + wj. on AC 
then /l IJAC'* is a rt. 

Suppose AD JL AC an<i=:AH. Join ('D. 

Then sq. on DC=:sq. on AD+^Sfj. on AC (Thcor. 21) 
*ssq. on AFi-«-»q on AC ('.’ADsrAB) 

=sq. on BC (by hypolhcsis) ; /.DC - BC. 

Thus in the two As ABC and ADC. 

AB - AD, AC is common, and BC - DC ; 

/. ^ BAC - Z DAC (Theor. 13)-* rl. Z- 

Note. Thin propoMition in the converse of TfiiPiorem 21. 
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THEOREM 23. 

The square on one si tie of n irianj^ie is equal to, or eater than 
ct less ihatty the sum of the squares on the other t'U’O sules^ lucordin^i^ 
as the an^qle cotriaimii ly t/nse tioo stdes is a fi^ht an^tCf an oh/use 
iin^le or an a(ute ani^U\ the eaicss or dejeit tein^ equal to twice the 
reetnnjfle lontained hy either of these tivo sides and the straight line 
inlcriepted between the foot of the perpenditular on it from the 
opposite iin^le and the anj^fe lontained by these iiuo sides. 


Fig. 2 . 

Let A fi( * be a f\ \ 

ihtn sq. on BC -<>r > or < sq. on AB + sq. on AC, 
according as / BAC is ait. /_ or an obtuse z or an acute Z. ; 
and in the last (wo cases, if BK X JL ; 

pq. on Itr - sq on BA -f sq. on CA 
+ or — twice the recianiKlc contained by BA, AM, or by CA, AK. 
The first case has already been proved in Theorem 21. 
fn the other two cases, it may be proved as in Theorem 31, 
that A ABD- A FBC ; 

,Meciangle BJ=:^Tcctangle BN=sq on BA + or — rectangle MG. 

Similarly, 

rectangle rectangle CL=sq. on CA + or— rectangle KI ; 
/, adding equals to equals, 
rectangle BJ + rectangle CJ or sq. on BC 
=:=sq. on BA +sq. on CAi rectangle MG± rectangle K I. 




Fig. I. 
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Now /.BAG= ^CAI (for each i* a rt. ) ; 
adding zGAl in Fig. t or ^BAC in Fig. » to each, 
ZBAI=2:GAC ; and BA-GA, AI=AC : 
a*. aBAI - (Theor. 12); 

and /. rectangle KI -■ rectangle MG (being doubles of the equal As); 
.•.sq. on BC« 8 q. on AB + m|. on AC:i:i\vice the rectangle MG 

ordtlvvice the rectangle Kl 

«sq. on AB + sq. on AC 
rt twice the rectangle contained by BA, AM 
or±tw'ice the rectangle contained by CA, AK. 

XoTK 1, The projection of one HtrAight lino on another is that }»or 
linn of th«' latti'i' whidi in Ixitwi-tn tin" t(;et of the 

ulnr.s on it from the t'vtivraities of llu* tormtT. 



7'huH MX in tin* aiiiioxnl Fitrare ih iho proji'ctioii of AB on XY , 

In the aiKive FiKOtos 1 lUifl 'i, 

AM iH tho |>roje<*tioii of A(^ on AB, 
ami AK I* projt'Ction of AB on M\ 
for tbij foot of ih« perpemiinilar from A on AB or AC i« A. 

By using the term fnyyjf.'fion ax iehn<Ml atMivi*, we tpay *Bhorben the 
enunciation of Theorem thus : — 

The souare on one sitle of a tnanglo is greater than, equal to, or Uwa 
than the sum of the squares on the other two sides, a^ corrling as the angle 
containcHl by these tw’o vid**M n* obtUMe. right, or aonte, the ex or defect 
being equal to twice the rectangle c^ontained by cither of these sides and 
the projection on it of the other. 

Notk 2. Tbi.«i Thtjorero may l)e d'jdoce<] from Theorem 21 with the 
help of Theorem 24 thus : — , 

BC--BM* + CMHThcor. 21) 

- (BAzfcAM)" + CM‘'^ 

rrBA^dba BA. AM i-AM^+CM* (Tbeor, 24, 
Notes I and 2) 

-BA*-FAC*db2BA. AM (Thcor. 21). 
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IX. Akbas of Rbctanglbs and Squares. 
THEOREM 24. 

IJ a straight line is divided into any two parts ^ the square on the 
whole line is equal to the sum of the squares on the two parts^ together 
with twice the rectangle contained by the two parts. 



Let the st. line AB be divided into any two parts, AC, CB ; 
then sq. on AB^sq. on AC + sq. on CB + twice rect. AC, CB. 
Suppose AHIB, ADEC, CFGB to be the squares on AB, AC, CB. 
Produce CE to meet HI in J. 

ThenVAH=AB, and AD=:AC. DH^CB. And DE-AC. 
Hence rect. DJ which is contained by DE, DH - rect. AC, CB. 

Again.**BIsax AB, and BG »BC. /. GI — AC ; and GF — CB. 
Hence rect. GJ which is contained by GI, GF = rect. AC, CB. 

Now AHIB - ADEC + CFGB +DJ + GJ ; 

,\sq. on AB=sq. on AC + sq, on CB+twice rect. AC, CB. 

CoR. I. If AC«CB, sq. on AB -4 times sq. on AC. 

Cor. 2 . If there are two straight lines one of which is divided 
into*any two or more parts, the rectangle contained by the two 
lines is equal to the sum of the rectangles contained by the 
undivided line and the several parts of the divided line. 

For rect. AH, AC=rect. AD, AC + rect. HD, AC. 

Note 1. If AC— a, and HC" 6 , then AB— 046 ; and adopting the 
notathm explained in Note 2 to Theorem 20, we have, 

W'hioh is the algebraical statement of Theorem 24. 

XoTB 2. If AB=e, and BC=^, then AC— a — h ; AI=a*» 
KI«^CG==h», AE==(a-6)* ;CI-=DI=-a6 ; 

and A E« AI - 1)1 - CK - AI - DI - Cl + EI= AI + KI-2CI, 
or -2tf6+^'** 

Note 3. If AC— a, and BC— 6, th6n*.*AlnAJ+CI and AJbbAE + DJ 
.*.(a-fh)*Baa(a + 6)«fb (a+h) and a 
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THEOREM 26. 

If a straight line is bisected^ and also cut unequally internally^ the 
dijference between the squares on half the line and on tlu line between 
the points of section^ is equal to the rectangle contained by the unequal 
segments. 



Let the st. line AB be bisected in C and cut unequally in D ; 
then sq. on CB — sq. on CD=rccl. AD, DB. 

Suppose CEFB and CGHD to be the squares on CBfand CD. 

Produce DH lo meet EF in I, 

Then v BF=BC=AC, 

A rect DF=rect. AC, DB. 

Again CE=CB, and CG«=CD, A GE=DB ; and GH-CD; 

A rec». GI - rect. CD, DB. 

Hence rect. DF + rect. GI = rect, AC, DB + rect. CD, DB ; 
and A sq. on CB — sq on CDcaCF — CH-DF + GI 

= rect. AC, DB + rect. CD, DB 
= rect. under (AC -i- CD) and DB 
=rect. under AD, DB 

CoR. Hence, if a straight line is divided into two parts, the 
rectangle contained bv them is the greatest when they are equal. 

For rect. AC, CB = CB» = AD. DB + CD»>rect. AD, DB. 

Note 1. If AC = CB—flt, and CD—f/, theii AD—a and DBovo—ft, 
and -b^sa{a-^b) {a — b), 

which is the algebraical statemont of Theorem 2!}, 

Note 2. When several magnitudes satisfy certain conditions, if there 
is one of them which is greater than all the rest, it is said to fio a maxi- 
mum ; and if there is one of them which is less than all the rest, it is 
said to be a min imum . 

Thus the rectangle contained by the two parts of a given straight line 
is the maximum when the parts are equal. Again of all the straight lines 
which may be drawn from a given ^int to a given straight Tine, the 
perpendicular is the minimum (Theor. 10, Cor). 
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THEOREM 26 . 

ff a sirai}^ht line is inserted^ and produced to any pointy that is^ 
cut unequally externally^ the difference betiveen the squares on half 
the line and the line between the points of sa tion^ is equal to the red- 
aUi^le contained by the unequal parts. 



Let the st, line AB be bisected in C, 
and cut unequally exlernallv in, that is produced to, D ; 
then sq. on CD — s(|. on CB = rect, AD, DB. 

Suppose CEFB, CGHD to be the squares on CB, CD. 
Produce EF to meet DH in I. 

Then it may be shown as in Theorem 25, that 
rect. DF = rect. AC, DB, 
and rect. GIr=rect. CD. DB; 
so that rect. DF + rect. Glared. AC, DB + rect. CD, DB 

— rect. under (AC + CD) and DB 
=»rect. under AD, DB. 

And,*,sq. on CD — sq. on CB*-CH — CF = rect. DF-frect. GI 

= rect. AD, DB. 

,CoR. The rectangle contained by the sum and difference 
of any two straight lines is equal to the difference of their squares. 

Notr 1. If ACnCUwa, then and a, and 

/;* -I a) (h — a) 

which 18 tlie algohraical 6tat.6inent of Theorem 26, 

N<»tk 2. When a straight line is pnKlnced to any ptiint, that point 
may l>e regarded as a point of external section, the two segments of the 
line Iteing the distanrtis of its extremities from that point, and one of 
these segments lieing thus greater than the whole Hue. 
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SECTION III. PROBLEMS. 

Introductory Bemark. The few Problems that follow, 
are intended to help the student in drawing corre*ct geometrical 
figur es, and to show how with the aid of Postulates i to 3, 
com plicated geometrical constructions can be effected. 

1. Construction of Triangles and Angles. 

PROBLEM 1. 

To construct a triangle h ivinc; its three ude^ equal to three given 
straight lines^ any tiuo of ivhich are fjg-t/r.r greater than the third,] | 



Let A, R, C be three .st. lines any I'vo of which are together 
greater than the thirri : 

it is required to construct a A having its side.s respectively 
equal to A, B, C. 

Take any st. line DR; make DF equal to A ; 
with centre D and radius B describe 0 HG ; 
and witn centre F and radius C describe QlGr. 

Then the 0s must intersect. 

For they cannot be wholly without each o^er, 

V B 4-C>A or DF; 
nor can either be wholly wiihin the other, 
VA-^B>Cand A + C>B. 

Let the ©s intersect in G. Join DG, FG. 

Then DFG i,s the A required. 

For DF=A, DG=a B, and FG — C. 

Kote. The condition that any two of the given straight lines 
togetlier should be greater than the third, must >>e satisfied in onlor that 
a triangle having iU mdea eijual to them may be po.ssihle, iMcaasoany 
two aides of a triangle are together greater thaii the third, as is shewn in 
Theorem 11. And if this cfmdition is not gatisfiecl, the circles in 
above 6gnre will not intersect, and the construction of a triangle will nut 
be possible. 
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PROBLEM 2. 

At a /»iven point in a ^iven straif^ht liniy to make an tinf^U equal 
to a given angle.. 



Let it be required to make at A in st. line AB 
an / equal to i ('DE. 

Take any i)i C in DC' : with centre D and radius DC 
ilescribc tuuinj! DK in K, join Cf'; 

with ccntic A and radius D(’ describe 0 FG cutting AB in F ; 
with ctnireF and radius CK describe a Q cutting 0 FG in G ; 
and join AG. GF, 

Then Z. fag i» the Z required. 

For AF«Dr, A(;« AF=DC' 'tDE. and FG«CE: 

/. Z fag -zCDK (Theor. 13). 

Cor. Hence we can construct a triangle with any given 
parts which determine it, 

i. When the given parts are the three sides, the construc- 
tion is made by Problem i . 

ii, %Vhcn the given parts are iw'O sides 
and the contained angle, the construction 
may be made thus 

At A in the given side AB make z BAF 
equal to given (Problem 2) ; make AF 
equal to given side CD ; and join BF. 

Then ABF is the A required. 
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iii. When the given parts are two angles and a side, the 
construction may be effected thus ; — 

Let CAD, EBF be the given i s, and GH 
the given side adjacent to the given angles' 
or opposite to one of them. 

First suppose GH to be adjacent to 
the given z s. 

At G and H in GH make Z.8 HGK 

and GHK equal to the given 

Then GHK is the A required. 

Next suppose the given side to be KG opposite to one of 
the given E15F. 

Then the third L to which KG must be adjacent, may be 
easily found by making at A in CA the L CAI equal to 
Z.EBF and producing DA to J. For .^lAJ must be the third L , 
V the three /Is-zrt. zs. Thus the two Zs to which KG is 
adjacent being known, the A can be made as in the preceding 
case. 



iv. When the given parts are two sides and the angle 
opposite to one of them, the construction may be made thus : — 
Let AB, CD be the given sides and z E the angle opposite to CD. 



At A in l>A make z BAG equal to z E : 
with centre B and radius CD describe ©FG 
cutting AG if possible in F and G ; and join BF, BG. 
Then ABF or ABG is the A required. 

There will be two As, or one only, or none, according as 
CD>=B=or <the perpendicular from B on AG, supposing 
CD<AB, and acute. 

When z£^or>a rt. z , CD must be greater than AB, and 
there will be only one A* 


4 
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II. Bisection ok Angles and Straight Lines. 

PROBLEM 3 . 

To bt$€<i a anffle. 



Lcl BAC llie given / : ii is Tequircd to bisect it. 

With centre A and radius AB fB being any pt. in AB) 
tlescnbe 0BC ; with centre B and radius JU" dc'icribe ©CD ; 
with centre C and radius OB describe ©BD ; and 
join AD, HI) and CD Then AD bisects z HAC. 

For AB-- AC, AD is common, and BD- UC- -CD. 
in the ABD and ACD ; a z BADr-^CAD (Theor. 13), 

Non: I. Hence Jiny angle may hi^ divided into 4, S, 16, etc. wiiial 
parts. 

Notk 2 , If troni any pt. D m AD. DE, DF drawn J. AB. AC 
then from the two AED, .\FD, 1)1’-= DK I'l'iieor U). ^ 

'rhus eveiy pi. in AD i< equidistant fium AB and A(\ 

'^Wlicn every imiut in n given line, straight or etirvcsl, oatistieit eertam 
given conditions the line i'* said to l>c the locus oi the jKiint satisfying 
thosie LHinditions ‘ ' ® 

Cor. The locus of the point equidistant from two intersect- 
ing straight lines is the pair of bisectors of the angles between 
those lines. 
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PROBLEM 4. 

To bisect it jc^iven stna\'/t/ lim\ 



Lei it be re'|uired to si. line AJi. 

Willi centre A ami radius AH describe, ("BU 
with centre H and radius HA describe O CAD; 
and join CD cutlin/[f AH in K. 

"rijcn AH is bisected in K 
For join ('A. CH. DA. DH. 

1 iien in As ACD and BCD, 

AC=“AB = HC. ('A) IS common, and AD.-=AB=BD, 

.% Z A(dJ- Z BCD I I'heor 13 ), 

AuMin in A"* ACL and HCK. 

A(' = HC CK ».-* common, wml ACK~ ^BCE, 

/, A K--- H E ( I !)cor. 1 2 

Note. a isUaiglit Im*; may Iwi di\j(]#'d into 4, 16 ete* equal parta* 
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III. Drawing of Parallels and Perpendiculars 
4 TO Straight Lines. 

PROBLEM 5. 

From a given point to draw n striti^hl line parallel to a given 
straight line. 



r 



A 


t, - ^ 

B 

D 

C' 


Let it be required to diaw from A a st. line [1 BC. 

In BC take any pt- D ; join AD ; and at A in DA 
make Z.DAE equal to ADC (Prob. 2). 

Then AE 11 BC. I 

For. V zDAK--=/iADC, A AK’h BC (Theor. 5). 

NdTK. In pn id u‘f‘. parallel may be c* mv’i^MPMtly drawn wiih tin* 
help ol Hquiirrs, as stuiMo in the fii^viro, mIipip FSl) and F'S'A a^’o th* 
two positions of tin* set sipiain ho that ^ I ' Al) /. Fl>^. ainl AK' ‘ BC- 

Anothek Method, In this nietlKxl, no rt*f‘Mcnce is made 
to Problem 2. 



Let it be required to draw from A a st. line jl BC. 

In BC take any pi. D, and join AD. 

W^lh centre D and radius DA describe a © cutting BC in E, 
with centre A and radius AD describe a ©DF ; and 
with centre D and radiuss= AE describe a 0 cutting ©DF in F. 
Join AF. Then AF \\ BC 
For in the As ADE and DAF, 

DE*=sDA=AF, AD is common, and AE~DF, 

A Z. ADE=^DAF (Theor; 13) ; and AF H BC (TTicor. 5). 
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PROBLEM 6. 

To draw a straight lint ikcrpendicular to a i^ivcn straight line 
ffom a given point in or without it. 


c 


A G' IJ 


Lei it be required to draw a st. lincJLAB from the pt. C In it. 
Make CD equal to CA ; 

-m AD describe the equilateral A AED (Prob. i) ; and join EC. 
Then EC X AB. 

For in the two As ACE and DCK, 

AC=:=DC, EC is common, and AE DE ; 

AZ ACK^ADCE (Theor. 13), 
and /. CE X AB (Dei. 10). 

1 1 . Let be required to drawa st. lincX AB from pt* C without it. 
Take any pt. D on the other side of AB ; 
with centre C and radius CD describe the © EDF ; 
bisect EF in G fprob. 4) ; and join CO. 

Then ("G X AB. 

For m the tv o As CGK, CGF, 

EGo^FG, CG is common, and CE- CF ; 

ZCGE ~z<T}F (Theor. 13). 
and CG JL AB. 

Cor. Every point in CE (Fi^^. 1) is equidistant from A 
and D ; that is, in other words, the locus of the point equidistant 
from two given points is the perpendicular bisecting the straight 
line joining them. 

Cor. 2, Hence we can describe a square ’ 
on a given st. line AB thus : — 

Draw AC X AB and=AB, and 
draw BD | AC, and CD il AB. 

Then evidently ACDB is the square required. 

Note. In prortioe, p<:rp4*ndiculftrs may lie most conveniefitly drawn 
With the. help of a set sfiuare ; and this probfern is intendtul more to show 
how in theory, without a set wjuare, and with the aid of the ruler and 
the ooropatsaeM only, a perpendicular may be drawn, than to fumiih a 
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practiral method of drawing a pc^rjieiidicular. This is the reason why in tho 
foregoing solution, Prohlerns previously solved, namely Problems 1 end 4, 
are relied upon) insUiad of independent constrnctioDS l>eing given. 

The same remarks apply to Problem 

Another Method. In this method no reference is made 
to any previous Problem. 


‘ 1 

F 

z 


■ 1 ; 

C 

-Ji 

, . -1. 

?■ 

i '.A. _ 


A 0 

C E B 

* Ei ' - : B 

\ Ly' 

'iy"" 

G 


T. Let it be required to draw a st. line ■ AB 
from the pt, C in it (Fig. i.) 

In AC take any pt. 1 ), 

with centre C and radius CD describe a O cutting CB in E ; 
with centre D and radius DK describe the O KF ; 
witli centre E and radius KD describe the0DF cutting ©EF in 
and join CF. 

Then CF ± AB. 

For in the two As FCD and FCE, CD=aCE, 

(>F is common, and DF=DE = EF, 

•*. Z.FCr)=* Z^FCK (Theor. 13), and each is a rt. Z.- (Di- 10). 
II, Let it be requireil to draw a st. line X AB 
from the pt. C without it. (Fig, 2.) 

Take any pt. D on the other side of AB ; 
with centre C and radius CD describe the 0 EDF 
cutting AB in E and F ; 

and with centres K and F and radii EF and FEl respectively, 
descilbe ©s culling each^olher in G ; and join CGcultingAB in H. 
Then CH X AB. 

For in the two As CGE, CGF, CE»CF, 

CG is common, and GE=EF*«GF, 

Z.KCG=i!lFCG. (Theor. 13.) 

And in the twp As CHE, CHF, CE««CF, 

CH is common, and £ECH=zFCH, 

Z.CHE*« Z.CHF, and each is a rt. (Theor. 11.) 
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IV. Division of a Straight Dine 
INTO Equal Parts. 

PROBLEM 7. 

To divide a iiivcn strni^ht line info nnv number of equal parts 



Let AB be the given st. line; 
suppose it is requifcci to divide it into three equal parts. 

From A draw a st. line AE making any t with AB ; 
take in AE, any three equal parts AC. CD, DK ; join EB ; 
and draw CF, DG II EB. 

Then AB is divided into three ecjual parts in F and ^ L 
For V CF. D( J and EB are parallels, and AO = CD=Dhv 

.% AF=FG-GB (Theor. 17, Cor. 3). 

Cor. I. If a straight line is drawn through the middle point 
of one side of a triangle and parallel to the base, it bisects the 
other side. 

And conversely, if a straight line is drawn joining the middle 
points of two sides of a triangle^ it is parallel to the base. 

The truth of the former part of this Corollary is evident 
from the preceding demonstration. 

To prove the latter part, let C and F be the middle points 
of AD, AG ; join CF. 

Then if FC be not parallel to GD, suppose FC B GD. 

Then from what precedes, 

AD« AC, which is impossible unless C and coincide. 

Cor. 2. If H b^ihe middle pi. of GD. AFHC, GFCH. and 
DCFH are parms., and FC« ^ CtD, FH=i DA, and HC-i AG. 
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V, Construction of Squares, Parallelograms, 
AND Triangles, eqiual to other Figures. 

* PROBLEM 8. 

To divide a f^iven straiji^ht line into two parts such that the 
rectani^U contained by the whole line and one of the parts shall be 
equal to the squafc on the other part. 



Let AB be the given st. line ; 

it is re(]uired to divide it into two parts such that the rect- 
angle contained by the whole line and one of the parts shall be 
equal to the square on the otlicr part. 

On AB describe the sq. ACDB (Prob, 6 Cor. 2) ; 
bisect AC in E (Prob. 4) ; join BE ; make EF equal to EB ; 
from F draw FG -L AF and equal to AF ; 
and through (» draw GHI [I AF. 

Then H is the pt. of section required. 

For *,• CA is bisected in E and produced to F. 

Z.rect. CF, FA-Hsq. on AE = sq. on EF (Theor. ib) = sq. on EB 

5=»sq. on AB*f sq. on AE (Theor. 11); 
or taking away sq. on AE from both sides, 
rect. CF, FA or FCIG - sq. on AB that is ACDB ; 

and taking away the common part ACIH, 

AHGF, that is. sq. on AH--^HlDB»rcct. BD, BH, 

rrrect. AB, BH. 

Note. A straight line thu* di> icliHl is said to lie divided medially. 

Al^kkraical Solction. This Problem may be algebraically 
solved thus : — 

Let KB •a, and one of the parts ox. 


Then or x* +tf.v -<2*^ = O ; A x« 


(uking only the upper sign). 
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A comparison of this with tiie Geometrica) solution is instructive. 

a* 5tf* 

From the Figure we have EB* = AB® + AE* =«* + » 

.•.EB«'^^a = KF; and.'.AF or AII = EF-E.l- 

2 2 


PROBLEM 0. 

7 >? <:on\tnut it ofual to it trion^^lc and 

having an ani(U equal to a ^^ri>en anjifie. 



Let ABC be the given ^ and ^ D the given ^ ; 
it is required to construct, a pum. equal to A ABC, 
and having an Z. equal to Z, D. 

Bisect BC in E ; make / CP2F equal to ^ D (Prob. z) ; 
through A draw AG'jBC and culling P-P' in F ; 
and through C draw CG||EF and meeting AG in G (Prob. 5). 
Then CEFG is the parm. required. 

For V BE=EC. A AABE:=AACE f Thcor. 20, Cor. 3), 
and /, A ABC is double of A ACE. 

But parm. CEFG is double of A ACP^ (Theor, 20, Cor. i); 
parm. CEFG=^ A ABC ; and its z CP-F~ i D. 
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PROBLEM 10. 

To const f tu t V tnan)fl€ equal to a ^ivcn rectilineal figure. 



Let AI^CDKF Le the given reclilmeal figure ; 

It is required to construct a A equal to il, and having 
A for its vertex and pioduced for its base. 

Divide the given figure into A^^ Lv drawing | s from A. 

Draw BG a AC, FH || AK, HI i AD, 

meeting DC. DK. CD produced in G II. I ; 
and join AG, AH, Al. 

Then AGI is the A required 
For V I5G II AC, A A ABC- A AGO. 

Again V FH j| AK, /. A aFE® A AHK ; 
and V HI H AD, A AHD= A AID. 

HenceA AGltte aAGC4* AACD-F a AID 
-AABC -hAACD + AAHD 
•=AABC4.^ACD-hAADE+AAHE 

-=aabg+ aacd+aade+aafe=abcdef. 

Cor. \Vith the help of this and Problem 9 , we can make 
anctaiigle equal to a given rectilineal figure. 
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PROBLEM II. 

A 

To desctihe <1 square equal to a yectilineal fi^ure^ 



TaH R be the j^iven rectilineal lipnre : 
it is lecjuireii to (describe a square equal to R. 

Make rectangle xVHCD equal to figure R (Prob. lo. Cor.^. 

Produce KW making BK equal to H(? ; bisect AK in F ; 
with centre F and radius FA describe © A(iK ; 
and produce CU to meet the 0 in (J. 

Then sq, on BG=^~figure R, 

For V AT^ is bisected in F and cut tincijually in J^, 

rect. AB, BK-f 5<i. on F*B ---sq. on FE (Thcor. 25), =:sq. on FG 
= sq. on FB-f-sq. on B(i (Theor. ai); 
and /. taking away sq. on FB from both sides, 

rcct. AH, HK, that is, rect. AH. BC = sq. on BG. 

Hence figure R = rect. AB, B('«.sq. on Bt/. 

Cor. If from any point in the circumference of a circle, a 
perpendicular be drawn to a diameter, the s(|uarc; on the perpen- 
dicular is equal to the rectangle under the segments into which it 
divides ?he diameter. 

Note I. If l#Cor BE»^, und n or^a 

Tfins lluirtumbiT f'xprrhMni? ia to the wjuan* root of the product 
of the ruinil»erM representing AB end UC. we may tind graphically 

the »quar« root a ('MnqxHite number by thn fallowing rough methfMl : — 

Resolve the uumlH'r into any tw’O fiwtorn ; nieaKiirfj with the help of 
a scale two lines AB, BK which are in the pame dtraight line and which 
represfmt, reeperti' ^ly, the two factora ; <»n AK deacrilie a nemi-circle ; 
and from Bdraw Bi.; perj><MKheulttr fo AK. Then the numerical measure 
of BO according to the »am»‘ scale will l»e the square root required. 

Note ‘2. The »<>lution of Ihia problem (in a somewhat difl'orent W'ay) 
•waa kno^in to the ancient Hindus, ^iec Journal of th«i Aaiatic f^oeiety of 
Bengal, VoL 44, p. 24o, 
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VI. Construction of an Lsosceles Triangle 
WITH Hase Angles double of the Vertical. 

PROBLEM 12. 

V'o ticsi rihc an /v.n’, .7/v frianj^Ic haif/mr ea^h of the angles at the 
hase\fiouhlc of the thir i 



Take any si. line AB ; divide it in D so that 
AB. BDssAD* (Prol) 8) ; bisect BD in E ; draw KC X BD ; 
with centre D and radius DA describe a 0 cutting EC in C ; 
and join CA. CB, CD. Then ABC is the A required. 

For AC*«AD* + CD* + 2 AD. DE (Thcor. 23) 

= AD* ‘ AD* AD. BD(vBD«2DE) 

= AD» + AB.AD=:AB.Br)+AB.AD 
«AB*; 

/, AC» AB. and a ABC is isosceles. 

Again Z. B« BDC ( V As CEB and CED are congruent) 
* = ZA -f zDC.A (Theor. 8, Cor. 2) 

= Z A+ / A ( vDA»DCand zDCA==r^A), 
that is, zB is double of i A. 

Cor. Hence a right angle may be divided into live equal 

parts 

For Z A + / B + z BCA=.-.5 x l A=^2 rt. Zs, 

,\ZA=:=; of 2 rt. zs, and \ of a rt. Z- 



SECTION IV. EXERCISES. 


Introductory Remark. Exercises in Geometry arc 
generally more ditlicult to work out ihiin those in Algebra 
or Analytical Geometry, because in the geometrical method 
of solution there are no fixed rules of procedure such as we 
have in the algebraical r r analytical method ; and facility in 
woiking out Geometric i examples can be acquired only 
by practice. 

All that could be said by way of general direction would be 
to tell the student to assume that the deduction, if a theorem, is 
proved, or, if a problem, is solved ; then to examine the figure 
constructed, to see what known truths or properties, or what 
known lines or point‘d, the assumption can, step by step, lead to ; 
and lastly, to retnee those stcp.s, proceeding from known truths 
to those required to be proved, or from given things to those 
required to be constructed, .so as to prove the theorem or solve 
thp problem under c<msideration. 

To quote the words of Proctor in his “ First Steps in Geom- 
etry,’’ “ The average mathematical student rcquire.s to learn — 
not how to solve this or that problem, nor what construction 
well help him in any particular case : but what are the general 
methods vhich he must apply to problems in order to obtain 
solutions for himself. The mathematical teacher who simply 
solves the problems brought to him by his pupils, docs little to 
show how such problems are to be treated. He should exhibit 
to his pupils the train of thought which leads him to apply such 

and such process to the solution of a problem One 

problem thus dealt with is w'orth a dozen which are merely 
solved.” 

A few Exercises, which are either interesting or which 
involve important truths, are worked out here ; and they are 
followed by a few more, to be worked out by the student 
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Exkrcises Worked out. 


Kjckrcise I. If from the raiflile |)'>int C and the extremity 
B of a straight line AB, t^v i pir-illel siraighi linei are drawn 
such that CD- j BE, the points A. D, and E are collinear. 


For join AE, and suppose AK cuts CD 


in F. 


ThenAF=»i AE (Prob. 7, Cor i ). 


and CE=i BE (Prob. 7, Cor. 2). 

A (', 1 - 


But CD - I HE ; A CF — CD, or F and D coinci ie. 

Ex. 2. The three straight lines joining the middle points 
of the iliree sides of a iiian^lc with the opposite angles are 
concurrent. 


Let D and K lie the middle po’nts of AH 
AC; let Cl), l»K be drawn intersecimg in (i ; 
and lei AG be joined and poidiued to meet 
BC in F : then it it '•bt)\\n that is 
bisected in F, the pru[»o-,ii.ii)n proved. 

Draw HH, C\± \V 
" « ^ Then V AD - BD,.\ A ^DC - a HDC and A U )G - A HDG, 
and A taking equals Irotn eqnils, A‘‘^‘'C aH HL 
Similarly AHGA = Af^GC. 
aHG A- A AGC, 

and as they are on the same base AG, their altitudes BH and 
Cl are equal (Fheor. 20. Note i). 

Hence from A**' CFI, BF^CF Tiieor. 14). 



Notic, The liiMis (.0), UK. AF lire I'alltul the (U' the triangle 

AHC, and the point (J I'i railed its cfnfroid. 

Ex, 3. The three straight lines biseclin; 
the three aides of triangle at right angles 
are concurrent. 

Let D anfl K he the middle p»nn!.s of AB. AC 
and DO. KO perpendiculars to them, and let 
OF be drawn J. HC ; ihen it it is shown 
•that BF^CF, the proposition is proved. 

Now from as AOD, BOD, AO - BO 
(Theor, 12 ). Similarly A()=CO. 

Thus BO -00, and BO**CO' 

Again BF* + OF*«BO* (Thcor. 21) -CO* -CP+OF* ; 
,\BF»«CF*,andABF = CF. 
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Ex. 4. The three straight lines bisecting the three angles 
of a triangle are concurrent. 

Let BO and db bisect Z.s ABC and ACB ; 
then AO shall bisect zBAC. 

Draw OD,OE,OF-L.BA,CA, BC respectively, 

Then from A» ODB and OFB, OD - OF. 

(Theor. 14.) 

Similarly, OF -OE; 

OE - OD, and OE* - OD». 

Now OD* + AD* ^ AO* (Theor. 21) 

-OE* + AE* ; 

AE* - AD-, and AE - AI) ; 

and from As OAD, OAE, z OAD - Z 0 .\E I Fheor. 13). 

Ex. 5. I'he three perpendiculars from the ilirce angles of a 
triangle on the opposite sides arc concurrent. 

Suppose AD, BE, CF-LBC, ('A, Ali respectively : 

then AD, BFl, are concuneiU. 

Through A, B, C draw st. linos!! BJ, CA, 

AB forming the AO HI. 

Then A. B, C are tlie ini Idle pts. of 
III, IG, GH (Frol) 7. O^r. 2), 
and AD, BE, CF are llie perpendiculars 
bisecting HI, IG, GH, and these per- 
pendiculars, as sliewn in Ex. 3, are con- 
current. 

.VoTK.‘ Th#? po'ni. of iiiUns'^etion of tlin p'TpMKb'MibitH on ttm muIo 
I mill the itpjjosiie is ailUtt the orfhorfutre, of the tnirigh*.. 

Ex. t». If the side BC of a right-angled triangle naving the 
right angle B is divided into a number of tnjual parts HD, DK, 
EF, FC, and AD, AE. A?" are joined, the segment'! of the angle 
BAC become smaller and smaller the further hey are from AB. 
Produce one of the lines AE to G, making 
EG equal to AE, and join GD. 

Then from the A*^ AEF. (jKD, 

Z EAF - Z EGD.andAF - GD(Thcor.i 2). 

But VZADF 7 ZAFD, /. AF7 AD, 
and A GD 7 AD. 

Hence Z DAE 7 ZEGD7 ZEAF. 

Similarly it mav he siiuwn that 
-dEAF 7 ZFAC 

Note. If there lie a number of efjiiidkUnt l^njp at B.r),K,F,C, 
to an oh<M*r%'er at A they will appear to f>e more and more floiie, the 
further they are from B. The above propo«ition may help to explain thia. 
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£k. 7. To find a point in a f^iven straight 
line at which the straight lines drawn from two 
given points oh the same side of the given 
line, make equal angles with it. 

From one of the given points C draw CE 
-J-AB the given st. line; produce CE making 
EF e^al to EC : join F with D the other given 
pt., FI) cutting AB in G. Then G is the pt. rcqd. 

For join CO. Then from CKG and FEG, /i CGE — 
/ FOE ('rheor. 12)-/! IB (Theor. 3). 

If II be any oihei }>t. m Alt (‘H-f DH -FH-|-I)H 
>KI) iTIjeor. II) >P"(i4 Dfl 7 (.'G -f DG ; so ihat 
the point G is such that the sum of distances from C and D is 
a mininnim. 



Ex. 8. Given tlw- bast* f»f a triangle, one of the angles at 
the base, and the altitn )- to hm struct the triangle. 

Let AB l)e the given l)ase» 

/. C the given at the ha^e, and | I) 
the given altitude 
At A in BA make i HAE equal to^C’; 
draw AFx AB and - ( D: iluough F 
draw FCfliAB. and loin r»G 
Then ABG is evidently the ArtMiuired. 


r 


y 


_A / 1 

A 

B C D 


Nutk. A» thv iT»iuiieil tnatul*- is to have an angle At thc' hAty 
e^uAl to Jingle (', its vntfv innM !»«■ 111 AE : and aa it i» to havn it^ alti 
liuh' to At. line l>, Uk \rrt« \ inn»»t also in F(5, Henoe the 
vertex iiuiwt ho ihe inlcrMeetion ot AM and K< J . hi<'h are n*sjKHtivt*h 
the liK’i of the >ertvx oi irianj^h* on tho giv»’n base having the given 
angle at the hjise aiuI tlm given altilinhs 

Many prohleina nuvy l»<(* solved hy the ahove inetliml of inlorscvt’on 
of hv'i. 


Ex. g. Given the base> the altitude, and one of the other 
two sides, to construct the triangle. 


As in the preceding exercise, draw 
FGIIAB. 

Then with centre A and radius equal to the 
given side E, describe a © the Q of which 
is the locus of the vertex of a A having 
the given base and the given side. 



And the intersection of the st. line FG with the 0 gives the 
vertex of the A required. 
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Ex. 10. If BE and CE bisect ABC and ACD, 

/E-i ^A. 

For z E-(- / EBC= Z. ECD (Theor. 8, Cor. 2 ) 

-i ZACD 

ZA +4 ZABC 
= i Z A + Z EBC ; 

ZE—j ZA. 



Ex. II. In any triangle ABC, if D be the middle point of 
BC, AB* + AC'' = 2AD'‘ + rBD» 

For draw AExBC. 

Then A B- - AI)> + lU)'* + 2 HD. DE, 
and AC'-‘=A 1 )’‘ f CD'*-2(,:D. DE, 

' (Tbeor. 23) ; 

and BD =» CD ; 

AB“ + AC* - 2 AD* + 2BD*. 



F.x. 12. If BC fsee last Fig ) is bisected in D and cut 
unequally In K, BE* + B:(:* - sBD* + 2DF.*. 

For'BE* + EC* = BC“-2 BE. EC (Theor 24 ) 

“4BD* — 2BI*’.. EC (Theor. 24, Cor. i' 
=2BD* + 2BD*-2BB:. EC 
= 2BD» + 2DE*, 

VBD*=^-BE. EC + DE* (Theor 25'. 

Ex. 13. The difference between the angles at t^ie base of 
a triangle is equSt to twice the angle between the straiglit line 
bisecting the vertical angle and the perpendicular from the 
vertex on the base. 

Let AD bisect Z BAC, and draw AExBC 
Then Z C + Z C.AE s=art. Z*»^B+Z BAE. 

ZC— zB<=>ZBAE— ZCAE 

z Bad + z dae— z cae 

« z CAD + z DAE- Z CAE 
■= z CAE + Z DAE + Z DAE— z CAE 
=2X zDAE. 



5 
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Ex. 14. Given the difference between the diagonal and the 
side of a square, to construct the square. 

Suppose ADEF the sq. required, 

AB being the given difference between 
ED and KA. 

Draw BCXBA. 

Then VDE = AD, 

rt. Z'-^/lACB, 

V I ABl‘ is a It. L\ 

CB-AB. 

Again VKD-^^EB, A /EBD=- i EDB ; 
and I EDA - a rt Z. ~ ^ EBC, /, Z. CBD=: z CDB, 
and CB~BA. 

Hence AD, a side of the stiuare may be found thus : — 

Draw BC'XAB and equal to AB: join AC, and produce 
it making CD equal to CB. 

Nutk 'riiiw iU(»d^‘ o: regarding thi* e. jiHl.iMetii)n jim ted and 
thf'u Keenig what follows, will help tho soluliori of problems in most 



Ex. 15. Given the sum of the diagonal and the .side of a 
stpiare, to construct the square. 

Suppose AB the given sum, and ACDE the required sq. 

Then zBAC=J of art. z. 
and Z. 1 a rt. Z. • 
vDCrrDB ; and 
ADC=ZB f- ZLDCB 2X ZB. 

Hence liie solution of ine Problem will be 
as follows : — 

At A in BA make Z B.VC equal to J of a rt. Z , 
at B in AB make Z ABC equal to I of a rt, z , 
and draw CDxCA. 
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Exkkcises to bk Worked odt. 

{On Theorems 

1. The bisBC'torH of tho two aiigl«« which one straight line 

niakoH with another are at right angles to eaoli other. 

*2. The hisoctora ot each pair of opposite angles which two inter- 
seoting straight lines make, are in the Kaiue atraight liinti 

3. In the afconil Figure in Theorem J, if the angle AOC contains (WF, 
how manv degrees are tln-ie in the angle HOC and how many in tin- angle 
COK ? 


(()n Tht orems 

4. If a straigh'. line falls on two intersecting straight lines^ the sum 
of the two internn angh -^ it makes on either side of it, difl'ers from lwt» 
right angles In tlie angh* hrt ween those two lines. 

o. It a .‘Jtrnight iHe - tails on two parallel straight lines, the two 
exterior angles on either side of it are together iMjual to two right angles,' 

0. If two straight lines are respectively parallel to two others, and 
a straight line of the tii pair intersecU one ot the second, the nMiiairnrig 
two straight lines must also intersect. 

(On Theorems *1—S,) 

7- The ditl'erence hetween the angles which the bisector of t he 
vertical angle of a triangle makes with the base, is equal to the difrerence 
between the angles at the base. 

5. The angle botw'ecn the iuHeotors of the angles at the b* of a 
triangle exceeds the vertical angle by the semi suni of the angles at 
the base. 

9. How many degrees are there in an angle of a regular pidygon 
of 5 sides, and how many in an angle of a regular polygon of G sides f 

( On Theorems 1 — It.) * 

10. Prove by the application of Theorems 8 arid!) only that the 
bisector of ♦die vertical angle of an isosceles triangle is perpendicular 
to the base. 

11. A straight line drawn parallel to the base of an isosceles triangle 
eiitf} ofT an isosceles triangle. 

12. A straight line drawn parallel to any side of an er{uilateral 
triangle cats off an equilateral triangle. 

13. If from the ends of one side of a triangle two straight lines be 
drawn to any point within the triangle, their turn shall be less than the 
sum of the other two sides, but they shall con tain a greater angle ihiui 
that contained by those sides. 

14. If two polygons having no re-entrant angle are on the same side 
of the same base, the perimeter of the outer polygon is greater than that 
of the inner. 
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( On TheortfM 

15. The bisector of the vertical angle of an isosceles triangle dividea 
it into two triangles which are equal in every respect. ^ 

16. If two straight lines bisect each other, the straight lines joining 
their extremities form a parallelogram. 

17. The bisector of the vertical angle of any triangle divides the 
base into two parts whereof the one adjacent to the shorter side is less 
than the other. 

18. If from the vertex of a triangle three straight lines be drawn 
to the l^ase, one perpendicular to the base, the second bisecting the 
vertical angle, and the third Vusecting the base, they are in order of 
magnitude, the perpendicular being the shortest. 

19. If the bisector of the vertical angle of a triangle is perpendic- 
ular to the base, the triangle is isosoeles. 

20. If the bisector of the vertical angle of a triangle also bisects 
the base, the triangle is isosceles. 

(On Theorems 1—17-) 

21. The diagonals of a rectangle are equal. 

22. If the diagonals of a parallelogram are equal, it is a rectangle. 

( On Theorems 1 — 20. ) 

23. Kqual parallelograms on the same side of the same base are 
l)€Ltween the same parallels. 

24. Equal parallelograms on the same base are of the same altitude. 

25. If through any point in a diagonal of a parallelogram straight 
lines are drawn parallel to its sides, the parallelogram will be divided 
into four parallclugrams whereof the two that are not about the diagonal 
are always equal. 

26. The base of a parallelogram is 36 inches, and it contains 9* 
square feet. Find its altitude. 

( On Theorems 1S3.) 

27. The square on the base of an isosceles triangle is equal to twice 
the rectangle contained by either side and the projection of the base 
on it. 

28. If the length of a side of an equilateral triangle is 20 feet, find 
the lAigth of the perpendicular on it from the opposite angle. 

* (On Theorems 1—26,) 

29. In a right-angled triangle, the square on any of the sides con- 
taining the right angle is equal to the rectangle contained by the sum 
and difference of the hypotenuse and the other side. 

30. The rectangle contained by any two straight lines is equal to 
the difference of the squares of their semi-sam and semi-difference. 
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MiSC£LLAK£OUB Exbboises. 

1. If a straight lino is biseoted and also out unegually, the line 
between the points of section is ei^nal to half the difference between the 
unequal segments, 

2. If an angle is bisected by one straight line and also divided 
unequally by another, the differeuoe between the two unequal parts is 
equal to twice the angle between the two dividing lines. 

3. Ill a right-angled isosooles triangle, each of the angles at the 
base is half a right angle. 

4. The perpendicular drawn to the base of a right-angled isosoeleB 
triangle from the opposite angle divides it into two equal right-angled 
isosceles triangles. 

5. Trisect a right angle. 

6. The diagonals of a square are ec|ual, and bisect each other at 
right angles. 

7. The diagonals of u rhombus bisect each other at rivht angles. 

8. Of all tlie straight lines that can be drawn to a given straight 
line from a given point with' ut it, the perpendicular is the least, and 
of all others, one near the perpendicular is alwa^'s less than one more 
remote. 

9. In an isosceles triangle, the bisector of Oie vertical * angle bisects 
the base at right angles ; and the peri^ndicular from the vertex on the 
base biseots both the base and the vertical angle. 

10. If two irosceles triangles stand upon the same base, the straight 
line joining then vertices bisects the base and also the vortical angles. 

11. A quadrilateral with two parallel sides is equal in area to a 
parallelogram between the same parallels and standing on a nose equal 
to the semi-sum of its patallel sides. 

12. The difference between the squares on any two sides of a 

triangle is equal to the difference between the squares on the segments 
of the third side mode by the perpendicular on it from the opposite 
angle. ** 

13. The sum of the squares on the sides of any parallelogram is e(|ual 
to the sum of the squares ou its diagonals. 

14. Tho sum of the squares on the sides of any (|uadri lateral is equal 
to the sum of the squares on its diagonals, together with four times the 
squares on the line joining the middle points of the diagonals. 

15. 1 f a straight line is cut medially, and frofu the greater part a 
part is cut off equal to the less, the greater part is cut medially. 

16. Of all rectangles having the same perimeter, the square has the 
maximum area. 

17. Of all rectangles having the same area, the square has the 
minimum perimeter. 

18. Of all triangles on the same base and having the same area, the 
isoBoeles triangle has the minimum perimeter. 
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19. Find the locus of the point the diffennice between the squares 
on wliose distances from two given points is equal to the si^uare on a 
given straight line, 

20 Find the locus of the point ec^uidistant from two parallel 
straight lines. 

21. Find the hKnis of the point from which if a perpendicular is 
drawn to a given straight line, the atjuare on the perpendicular is equal 
to the rectangle contained by the segments into which that perpendicular 
divides the straight line. 

22. Shew hy drawing a correct figure tliat the t dangle whose sides 
are ,*1,4 and 5 inehc.s respectively, is a right-angled triangle. 

23. Sliew how to trivSt^ct tno vertical angle of an isosceles triangle 
each of whose angles at the base is <louhle of the third angle. 

24. ff two sides ot a triangle are 6 and 2 \ inches respectively, and 
they contain a right angle, find the third side and verify your answer by 
actual measnroment. 

25. If in the figure in Theorem 21, DF, dIandHK be joined, the 
sum of the squaies of the siiles of the hexagon thus formed, shall l»e equal 
to eight times the square on the hypotenu.se. 

20. Kach of the ineilians of a triangle is di\ ided at the point of their 
nterseet ion into two parts one of which is double of the other. 

27. In any triangle, the sum of the medians is less than the peri- 
meter. 


2S. If from any point wdthin an equilateral triangle perpendiculars 
be drawn to the three sides, tlieir sum is equal to one ot the medians. 

29. Any rectangle is equal to lialf the lectanglo contained by the 
diagonals of tlus squares on its adjacent sides. 

.*10. Divide the hypotenuse of a right angled triangle into two parts 
fliioli (hit the diflerenee between the squares on them shall bo equal to the 
Square on one of the sides. 

31. If the sides (»f a triangle contain linear units equal in number 
rcspeetively to the sum of llio squares, the difference of the squares, and 
twi.jo tlie product of any two positive numbers, shew' that the triangle is 
right-angled. 

32. If the medians of a triangle. ABC interest in 0, show' that 
AB*-fBC'^+0A’ = 3 (0A«+0B»+0C2), 

33. If a bamboo measuring 32 cubits and standing upon level ground 
be broken in one place hy the loroo of the wind, and the tip of it meet the 
ground at 16 cubits, say at how many cubits from the root it is broken. 
(Lilavati § 148). 

34. A snake's hole is at the foot of a pillar 9 cubits high, and a pt^acock 
is perched on its summit. Seeing a snake at a distance of thrice the pillar 
gliding towards his hole, lie pounces obliquely upon him. Say at how many 
cubits from the snake's hole they meet, both proceeding an equal distauce, 
(Lilavati § 150), 
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HOOK II. 

CIRCLES. 

SECTION 1. DEFINITIONS. 

1. A chord of a circle is a straight line joining two points 
in its circumference. 

2. A chord produced is called a seCSint- 

3. When a secant moves so that the two points 
of its intersection with the circle continually approach 
and uhirnately coincide, the secant in its ultimate posi- 
tion is called a tangent to the circle, and the point at 
which it meets the circle is called a point of contact. 

Or, a tangent to a circle is a straight line winch meets it, 
and being pro‘luced, does not cut it. 

4 When one ('t two intersecting circles moves so that the 
points of intersection continiiully appioach and ultimately 
coincide, tlie two circle^ Oi their ultimate position are said to 
touch eacli other. 

Or, circles are said to toUCh one another 
when they meet but do not cut one another. 


5. A segment of a circle is the rij,oire hounded *»y a chord 
and one of the two arcs into which it divides the circumference ; 
and the other arc is called the C01\jugate arc 

6. An angle in a segment is an angle contained by two 
straight lines drawn from any point in the arc to the extremities 
of its chord ; and it is said to stand on the conjugate arc. 

7 A sector of a circle is the figure contained by two 
radii and the portion of the circumference between them. 

8. A rectilineal figure is said to be inscribed in a circle, 
or the circle is said to be circumSCribed about it, when the 
angular points of the figure are on the circumference of the 
circle. 

9. A rectilineal figure is said to be circumscribed about 
a circle, or the circle is said to be inscribed in it, when the sides 
of the figure touch the circle. 

Note. In this Book an in Book I, the pointn, lines, angles, and 
figures, referred to in any propo.sition, are supposed to lie in one plane. 
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SECTION II. THEOREMS. 

1. Chords and Concyclic Points. 

HTEOREM I. 

I. straight lint drawn from the centre of a circle to bisect a 
chord not passing through the centre^ is perpendicular to the chord, 

II. Conversely^ the perpendicular from the centre to a chord 
bisects it. 



I. Let OC be drawn from the centre O to bisect in C 

the chord AB not passing through O ; 
then OCXAB, 

Join OA, OB. 

Then in the a As OCA, OCB, 

AC=BC, OC is common, and OA=OB, 

/• OCA= /. OCB (Bk. I. Theor. i3)=a n. z . 

II. Suppose OCXAB ; 

then AC=BC. 

For CO* +AC2=A0‘'* (1. Theor. 2i)=BO*=CO* + BC" ; 

AC«=BC», and .•.AC=BC. ' 

CoR. I. A circle has only one centre which lies in the 
perpendicular bisecting a chord, and is the middle point of the 
perpendicular, or is the point of intersection of the perpendiculars 
bisecting two chords which meet. 

For if possible, let O and D be both centres of © AHB. 
Join OD and produce it to meet the © in E and F. 

Then OF=OE=iEF, and DF=DE=iEF 
or OF=DF, which is absurd. 

As the centre is equidistant from A and B, it lies in ICJ, 
the perpendicular bisecting AB ; 
and it must evidently be the middle point O of IJ. 

Again as the centre lies in each of the perpendiculars bisecting 
AB and GH, it must be the intersection of these perpendiculars. 

CoR. a. A diameter of a circle is the locus of the middle points 
of a system of parallel chords to each of which ^ is perpendicular 
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THEOREM 2. 

I. Any number of circles can be described passing; through two 
given points, 

II. Only one circle can be described passing through three given 
points not in the same straight line. 



I* Let A and B be two given pts. ; 

then any number of Qs can pass through A and B. 

For let CO be the perpendicular bisecting AB. 

Then v pts. O, O' etc. in CO are equidistant from A and B, 
•% 0s described with centres O, O' etc. and radii OA, O' A etc. 
will pass through A and B. 

II. Let A, B, and C' be any three pts. not collinear ; 

then only one 0 can pass through A, B, C'. 

For let DO, EO, be the perpendiculars bisecting AC', BC' 
Then DO and EO must meet. 

as AC' and BC' are not parallel nor in the same St. line. 

Let them meet in O. . 

Then O is the centre of the © passing through A, is and C'. 

For, from as ODA, ODC', OA -OC' (I, Theor. i2) ; 
and from As OEC', OEB, OC' - OB ; 
a © with centre O and radius OA will passthrough A, B, C'. 
And no other 0 can pass through A,^B, and C', 

V the St lines DO and EO 

in which the centre of a © through A, B, and C' must lie, 
can intersect only in one pt (Axiom lo). 

Cor. I, No circle can pass through three points in the 
same straight line ; or in other words, a circle cannot cut a straight 
line in more points than two. 

For, if A, B, and C are pts. in a st. line, the perpendiculars 
DO, EO' will be parallel and will not meet, and no © can be 
described passing through A, B, and C. 

Cor. 2 . Though any number of circles can have two 
common points, no two circles can have more common points 
than two ; or, in other words, one circle cannot cut another in 
more points than two. 
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For if possible, let ©s ABCD, ABCE 
intersect in A, B, and C. 

Then A, B, and C are not in a st. line 
as shewn above ; and the centres of the ©s 
is O, the intersection of the perpendiculars 
bisecting AB, BC. 

Draw OA, ODE. Then OAbbOD = OE, which is absurd. 

THEOREM 3. 


A 




B 



B U points are so situated that a circle may be described 

passing through ihenty then the opposite angles of the quadrilateral 
formed by joining them are supplementary, 

II. Conversely,^ if the opposite angles of a quadrilateral are 
supplementary^ a circle may be described passing through its four 
angular points. 



I. Let the the 4 pts. A, B, C, D be such that 
a 0 may pass through them ; 
then Z BAD-f 6 cD~ art. Z s= z ABC4- Z ADC. 

Let O be the centre of the 0 ABCD ; 
join OA, OB. OC, OD. 

Then V OA = OB = OC = OD, 

/. ZOAB= ZOBA (I, rheor 9), and ZOAD* zODA ; 
adding, zBAD^Z OBA + z ODA. 

Similarly Z BCD= z. OBC+ zODC. 

Hence adding, ZBAD+ zBCD= z ABC-f zADC = 2rt. zs 

I, Theor. 8, Cor. 3). 

ll. If z BAD + Z BCD - z ABC + Z ADC - 2rt. Z s, 
then a 0 may be described passing through A, B, C, and D. 

For let the perpendiculars bisecting AB, BC meet in 0 ; 
then OAi=OB = OC. Join OD, and if possible, 
suppose OD>OA, and Oi:=:OA. 

Then a © passes tl.rough A, B, C, E ; 
and Z ABC+ z AEG = art. z s= z ABO z ADC (Hyp.); 
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A .^AEC=Z.ADC. 

But AEO>ZADO, and /:CEO> zCDO (i, Theor. 8 ,Cor. 2 ), 

azaeozadc. * 

Thus Z AEC= z ADC and > z ADC, which is absurd ; 

A OD cannot be greater than OA. 

Similarly it may be shown tliat OD is not less than OA. 
Hence OD=OA, and the 0 through A, B, C, passes through D. 

Notk. 1 . The 0ASG8 in whioh O falls outsirle and on a aide of 
ABCD live left as oxerciaee for tlie student. 

Note, 2. Four pointa lie in the oirouniferonoo of a circle, tliat is, 
are concyclic, only when the opposite angles of the quadrilateral formed 
l)y joining them are supplementary. 

Cor. I. The angular points of any regular, that is, equilat- 
eral and Equiangular polygon are concycllc. 



Take for instance a regular pentagon ABODE. 

Bisect Z.S EAH, ABC by AO, BO meeting in O. Join OC. 
Then z OAB^^OBA, Vihey are halves of equals OB =OA 

Again, in the As OBC, OB A, BC^BA, BO is cor mon, 
and z OBC=z:OBA,/.OC=-OA=OH ; 
and /. z. OCBi- /. OBC-::: > z ABC - J z: BCD, 
or OC bisects z BCD. 

Similarly it may be shown that 0D=0(v and bisects z ODE. 

And so on. 

^ Hence OAr=OB=-OC=-OD-=OE ; 

and a 0 with centre O and radius OA will circumscribe 
the polygon. 

Cor. a. If from O, OF, OG, OH &c. be drawn J. the 
sides of the polygon, F, G, H that is, the feet of the 

perpendiculars shall be concyclic. 

For it may be showm, as in Bk. I. Ex. 4. that OF=OG=OH 
»&c. Hence a 0 with centre O and radius OF will pass 
through F, G, H &c. It will also touch the side of the polygon 
(see 11, Theor. 7 ) and will be inscribed in it. 
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THEOREM 4. 

I, Equal Chords of a circle are equidistant from the centre^ 

II. Conversely^ chouis of a circle equidistant from the centre are 
equal. 



I. Let AB, CD be two equal chords of the © A BCD ; 
then they are equidistant from the centre O, that is, 

if OE, OF ± AB, CD. then OE=OF. 

Join OA, OC. 

Then AB and CD are bisected in E. and F (II, Theor. i), 
and AE=CF. Vthey are halves of the equal chords. 

Now 0E2+AE»-=0A*=0C*-*=-0F*+CF», and AE» = CF», 
.•,OE*==OF>, and OE=OF. 

II. Let OE=OF ; 
then AB=CD. 

For OE»+AE»==OA>=OC2=OF=' + CF», and OE>=OF*, 
/.AE» = CF2. and.% AE=CF, 
wut AB =2 AE, and CD =2 CF (II, Theor. i), 

.•,AB=CD. 

CoR. I, A chord nearer ihe centre is greater than one 
more remote. 

Suppose OIjlGH and .suppose OI<OE ; then GH>AB. 
For 01* + GI»^0G*=0A»=0E* + AE* ; 
but OI«<OE» ; .•.GI">AE*, and /.GI>AE. 
or GH>AB. 

Cor. 2. The diameter or the chord through the centre is 
greater than any other chord. 

Let JOK be a diameter and GH any other chord. Join OG.OH. 
Then JK=OJ + OK=OG+OH>GH (i, Theor. ii). 



SBC II.] 


THEOREMS. 


77 


II Equal Angles and Chords in Equal Circles. 

THEOREM 5. 

In equal circles or in the same^circle^ 

(i) if two arcs subtend equal angles at the centre they are equals and 

(ii) conversely^ if two arcs are equals they subtend equal angles 
at the centre. 
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(i) Let arcs ACB, A'C'B' subtend equal Zs AOB, A'O'B^ 
at the centres 0, O' of two equal ©s ; 

then arc ACB=arc A'C'B'. 

Apply O ACB to 0 A'C'B' so that 
O may be on O' and OA on O' A! ; 
then A shall be on A'v0A»0'A' (the ©s being i'qual), 
and OB shall be on O'B', v Z AOB- i A'O'R', 
and arc ACB shall be on arc A’C'B' V the two ©s are equal ; 
and /. arc ACB=arc A'C'B' (Axiom 9 ). 

(ii) Let arcs ACB, A'C'B' be equal ; 

thenz A0B=iZA'0'B'. ' 

Apply ©ACB to 0 A'C'B' so that 
O may be on O' and OA on O' A ' ; 
then A shall be on A' V OA s»0'A' (the ©s being equal), 
and arc ACB shall be on arc A'O'B' •; the ©s are equal, 
and B shall be on B' V arc ACB«arc A'C'B^ 
and OB shall be on O'B', V O and B fall on 0' and B' ; 

Z AOB coincides with z A'O'B', 
and /. /:AOB- z A'O'B'. 

If the arcs and angles are in the same circle, in that case 
0 and O' being coincident, we shall have to apply sector AOB to 
sector A'O'B', so that OA may be on OA' ; and the rest of the 
demonstration will be the same as above. 
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1HEOREM 6. 

In equal circles or in the same cirt le^ 

(i) if hvo chords are equals Ihe^ cut off equal arcs and 

(ii) conversely^ if two arcs are equals their chords are equal. 



fy, Let AB, A'B' be two equal chords of two equal ©s ; 
then arc ACB=arc A'C'B'. 

Let O, O' be the centres of the ©s ; 
join OA, OB, O' A', O'B'. 

Then in the^s AOB. A'0'B',0A = 0'A^0B=0'B',AB= A'B', 
Z.A0B=ZA'0'B' (I, Theor. 13), 
and arc ACB=arc A'C'B' (II, Theor. 5). 

(ii) Let arc ACB=arc A'C'B', 

then chord AB=chord A'B'. 

For V arc ACB=:aTC A'C'B', 

/. z:AOB» A'O'B' (II, Theor. 5). 

Now inAs AOB and A'O'B', 

0A = 0'A', 0B=0'B' (V the ©s are equal), 
and ^A0B=Z.A'0'B'. 

AB=A'B' (I, Theor. 12). 

If the chords and arcs are of the same circle, evidently, the 
same demonstration will apply. 
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III Tangents and ToucuiNti Circles. 
THEOREM 7. 

The tatii^enf to a linie oi any point /v pcrpenaicular to the 
diameter throuy[k that /mint. 



Let PT be the tangent to the © NQP at P ; 
then PT X diameter NOP. 

Draw RQPR' a secant throujih P : join OQ ; 
and produce TP to T'. 

Then V OQ-OP, ,% ZlOPQ^OQP; 
and /.OPR'+ZOPQ-zrt, Zs=^lOQR+ ZOQP ; 

A z OPR z OQR. 

Now if Q continually approaches, and ultimately coincides with, P, 
the secant ROPR' continually approaches, and ultitpately coincides 
with, TP r, and the ZPOQ vanishes, and the equal ZsOQR, 
OPR' become adjacent and coincide with /. d OPT, OPF ; 

/, Z OPT=zOPF, and each of them is a rt. Z- 
Cor. The tangent TFT' meets the © at P but does not cut it. 

For take any other pt. P' in PT and join OP'. 

Then V ZOPT is a rt, Z, .% Z0PT> ZOP'P, 
and /. OP' > OP (I, Thcor. lo), or P' is outside the©. 

Note. The truth of this proposition may also be shewn thus ; A 
diameter is the locus of the middle points of a system of parallel chords 
l>erpenflicular to it (II, Theor. 1, Cor. 2) ; and as the chord moves further 
and further from the centre, that is, becomes smaller and am tiler, 
(II Theor. 4. Cor, 1), its extremities approach nearer and nearer and 
ultimately when the extremities ootneide, the chord produced b^ouraeit 
the tangent at the extremity of the diameter* 
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THEOREM 8. 

Fro 7 n any p^ini without a circle^ two tangents can be drawn to 
and they are equals and subtend equal angles at its centre. 



Let A be a pt. without the 0 EBF ; 
then two tangents can be drawn from A to the 0, 
and they shall be equal, and shall subtend equal Zls at O, 
the centre of the ©. 

Join OA ; with centre O and radius OA 
describe the © CAD ; from B the pt. at which 
OA cuts the ©, draw CBDxOA cutting 0 CAD in C and D ; 
draw OC, OD cutting © EBF in E and F ; and join AE, AF. 
Then v in the As OAE, OCB, 

OA=OC, OE==OB, and Z. AOC is common, 

/. EA=CB, and L OEA = z OBC=a rt. Z 
And AE is a tangent to 0 EBF (II, Theor. 7). 

Similarly AF is a tangent to © EBF and—DB. 

And CB=DB \II, 1 heor. i), 

AE=AF. 

iVgain in the As OAE, OAF, 

OE=OF, OA is common, and AE=AF4 
z EOA=zFOA 
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THEOREM 9. 

If two circles touchy they can have only one point of contact^ and 
the straight line joining their centres passes through the point of 
contact 



Fig. I. Fig 2. 


Let the two ©s PA, PB whose centres are O, O' 
touch at P ; 

then they cannot touch at any otHer pt., 
and OO' passes through P. 

For V the ©s can cut only in two pts. (II, Theor. 2, Cor. 2), 
and those two pts. coincide at P, (II, Def. 4), 
they cannot touch at any other pt. 

And V P is the pt. of ultimate coincidence of 
the two pis. of intersection of the ©s, 
they must have a common tangent PT at P, which is 
the ultimate position of the common secant of the Qs 
through their two approaching points of intersection ; 
and OP, OT must both be JL PT (II, Theor. 7). 

Hence H OPT=a rt z = / O'PT ; 
and .% OP and OT are either coincident as in Fig. i, 
or in the same st. line ( 1 , Theor. 2) as in Fig. 3. 

6 
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IV. Angles in Circles. 

THEOREM 10. 

TAe angle at the centre of a circle is double of the angle at the 
circumference standing on the same arc. 



Let AOB ana ACB be Z s at the centre O and at the O 
of the O ACB, standing on the same arc AB ; 
then ZA0B=2 x Z ACB. 

Join CO and produce it to D. 

Then z AOD=Z AGO + ZOAC (i, Theor. 8, Cor. z) 
==2X ZACO (VZOAC=ZACO). 

Similarly zB0D=2 ZBCO. 

Hence adding in Figs, f and 2 and subtracting in Fig. 3, 

ZA 0 B= 2 X zacb. 

Cor. I, Angles ACB and AC'B in the same segment ACC'B 
are equal. 

For each is half of the same Z AOB at the centre O, 

Cor. 2 Conversely, if ZACB=*ZAC'B, A, C, C' and B 
are concyclic. 

For if not, let the © passing through A, C, B cut AC' in E 
(not^hown in the figure). Then if we join BE, 

ZAEB= ZACB= z AC'B, 

which is impossible (I, Theor. 8, Cor. 2) unless E and C' coincide. 

CoR. 3 In equal cijcles or in the same circle^ angles in 
equal segments are equal. 

For these Z s evidently stand on equal arcs, and the angles 
which these equal arcs subtend at the centres are equal (II, 
Theor. 5), 

Hence the Z s in the equal segments, which are halves of 
the equal Zs at the centres, are equal. 
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THEOREM It. 

The angle in a semi-circle is a right angle ; the angle in a segment 
greater than a se^ni- circle is test than a right angle ; and tfu angle 
ifi a segment less than a semi-circle is greater than a right angle. 



Let ACB he a semi 0 AOB being a diameter, 

BAG a segment greater than a semi 0, 
and BDC a segment less than a semi © ; 
then z ACB « art. Z., 

L ABC<a rt. z , 
and Z BDC> a rt. z . 

Join C with O the centre of the 0. 

Then v O A * OB = OC, 

ZOCA- Z.OAC, and z ^OCB= z OBC. 
and.*. Z 10 CA+ z OCB, that is, z. ACB- 0 .\C+ ZlOBC. 

But z ACB+ Z.OAC+ Z.OBCs® 2 rt. Z.s (I, Theor. g) ; 

.% Z. ACB - i of 2 rt. Z. s =*a rt. Z. . , 

And z BAG evidently <a rt. Z.. 

AgainVZ BDC + Z.BAC=»2 rt. z s. (II, Theor. 3), 
and zBAC<art. Z, 
zBDC>art. z 

Cor. If a straight line TBT' touches the ©ACDB, and a 
•chord BC is drawn from the point of contact, the angles it makes 
with the tangent are equal to the angles in the alternate segments 
of the circle. 

For ZCBT+ Z ABC=a rt. z (IL Theor. 7) 

Z BAC+ Z ABC, 

ZCBT= z BAG which is in the alternate segment. 
Again z CBT+ zCBT' — 2 rt. zsO. Theor. i) 

-ZBAC+zBDC (II, Theor. 3), 
and zCBT=zBAC, 

.% z CBT^ s Z BDC which is in the alternate segment. 
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Note. Th^ truth of the above Theorem may be arriv’ed at otherwise 
thus : — 

The Z ABC = J Z AOB (II, Theor. 10)»i of 2rt, 4s*a rt. Z ; 
ZCABo»JzCOB which is less than .J of 2rt. Zs or less than a rt. Z ; 
ZCDB«i re-eutrant ^COB which i« greater’ than h of "rt, Zs or 

greater than a rt. 
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V. Intersecting Chords and Secants. 

THEOREM 12. 


If two chords of a circle intersect either within or without the 
circle, the rectangle contained by the segments of the one is equal to the 
rectangle contained by the of tkc other. 



Let the chords AB, CD of the © ACB intersect in P: 
then AP. BP=CP. DP. 

From the centre O draw OE, OF-LAB, CD; 
and join OP, OB, OD. 

Then AB and CD are bisected in K and F (II, Theor. i), 
and cut unequally in P; 

/.AP. BP=difference of EB* and EP*(I, Theor 25, 26) 

=diff. of EB» + OE^ and EP'*4*OE* 

(v adding OE'* to both does not alter the diff.) 

= dift. of OB* and OP* (I, Theor. 21) 

=diff. of OD* and OP* » /.OB=OD) 

«diff. of OF* + FD* and OF* +FP* (Theor. 21) 

= diff. of FD* and FP^ (taking OF* from both) 
=CP. DP (I, Theor. 25, 26). 

Cor. I. If the chords intersect in P outside the circle, and 
a tangent PT is drawn to the circle from P, PT* = AP. BP. 

For PT*-OP*— OT* (I. Theor. 2i)=OE»+EP*— OB* 
=OE» + EB»+AP. BP-OB* (I, Theor. 26) 

=OB* + AP. BP— OB* 

= AP. BP. 
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The same result may be arrived at otherwise thus : — 

The tangent PT is the limiting position of the secant PBA 
when the pts. A and B approach each other and coincide at T, 
and the segments of the chord become equal to PT ; hence 
AP. BP*=TP. TP=TP*. 

Cor. j. Conversely, if AP. BP=TP*, PT is a tangent to 
the circle. 

For draw the tangent PT' and join OT'. 

Then PT'»=AP. BP=PT» ; /. PT'=PT; 
and.% in the As P TO, PT'O, OT=OT. PT=Pr, and 
OP is common ; 

/ PTO— APT'0=a rt. ^,and PT is a tangent. 
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VI. Polygons Inscribed in and Circumscribed 
ABOUT Circles. 

THEOREM 13. 

If the circumference of a circle be divided into any number of equal 
parts, and the consecutive points of division joined by straight lines, 
regular polygon oj the corresponding number of sides will be inscribed 
in the circle. 



For, the polygon will evidently have , 
as may sides as there are divisions of the O- 
The polygon will be equilateral, 

•its sides being chords of equal arcs are equal (II. Theor. 6). 
The polygon will also be equiangular, 

•/ each of its is in a segment composed of 
two equal arcs, 

and /. all its L s are equal (II, Theor, lo, Cor. 3). 
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THEOREM 14. 

If the circumference of a circle be divided into any number of 
equal parts, and tangents to the circle drawn at the points of divis- 
ion, a regular polygon of the corresponding number of sides will be 
circumscribed about the circle. 



The polygon will evidently have 
as many sides as there are divisions of the 0« 

The polygon will be equilateral as well as equiangular. 
For join the centre O with 3 consecutive pts. of contact A, C, E, 
and with 2 intermediate angular pts. of the polygon, B, D. 

Then, remembering that tangents from the same pt. are equal, 
we have 4 As whereof the two, OAB.OCB, and the two, OCD,OED, 
are equal in all respects (I, Theor. 12), so that, 
their z s at B and D are each=| of the corresponding z s of the 

polygon, 

and their £s at O are each="j of the z on one of the equal arcs. 
Again As OCB, OCD which have their z s at O and C equal, 
and their side OC common, are equal in all respects, 
and BC=DC, and Z.OBC=Z.ODC. 

Thus the successive sides of the polygon are doubles of 
pairs of equal tangents, 

and its successive angles are doubles of equal angles ; 
that is, the polygon is both equilateral and equiangular. 
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SECTION III. PROBLEMS. 


I. Finding the Centre of a Circle. 


PROBLEM I. 

To find the centre of a given drclc or arc. 



Let ABC be the given © or arc ; * 
it is required to find its centre. 

Join AB, BC ; bisect AB in D and BC in E : 
and draw DO, EO -L AB, BC, and meeting in q- 
Then 0 is the centre required. 

For the centre being equidistant from A and B, 
must be in DO (1, Prob. 6, Cor. i), 
and being equidistant from B and C, it must be in EO'; 
the centre is 0 the intersection of DO and EO. 
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II. Drawing Tangents to a Circle. 


PROBLEM 2. 

To draw a tangent to a i^tven circle from a f^iven point, • 



Let ABC be the given © and P the given pt. ; 
it is required to draw a tangent to the © from P. 
Find O the centre of the 0 and join OP. 

If P is on the O draw P T X OP ; 
then PT is the tangent required ( 11 , Theor. 7 ). • 

If P is outside the 0 , bisect OP in D, 
with centre D and radius DO. describe © OTPT' 
cutting the given © in T and T' ; and join PT, PT'. 
Then PT and P F' are the tangents required. 

For join OT, 0 1 '. 

Then v OTP and OF'P are semi ©s, 

Zs OTP and OFF are n. Zs (II, Theor. 1 1 ), 
and/, PT and PT' are tangents to © ABC (II, Theor. 7 ). 
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III. Construction of Segments of Circles 
WITH Given Conditions. 

PROBLEM 3. 

On a given straight line to describe a segment of a circle contain- 
ingan angle equal to a gh'en angle. 


\ E.'x/ / 

/D 


Let it be required to describe on st. line AB 
a segment of a © containing an / equal to Z.C. 

At B in AB make z ABD equal to ^ C ; 
bisect AB in E ; draw BF, EQ JL DB, AB, and meeting in O, 
and with centre O and radtus OA describe © AFB. 

Then AFB is the segment required. 

For V O is the centre of 0 AFB, and OB X BD, 

BD is a tangent to © AFB. 

And V BD is a tangent and BA is drawn from B, 
>:DBA=Z. in the alternate segment AFB (II, Theor. ii, Cor). 

But L DBA* L C ; 

segment AFB contains an Z equal to z C ^ 
and it is described on st. line AB. 

Note 1. To cut off from a given circle a segment coDtaining a given 
4 angle, we have only to draw a tangent BD, and at B in ED to make an 
ZDBA equal to the given / ; and the segment cut off by BA shall be* 
the segment required. 

Note 2. The locus of the vertices of triangles on a given base and 
having a given vertical angle, is the segment of a circle on the given ba^- 
oontaining an angle equal to the given vertical angle. 
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IV. Bisection ok an Arc. 


PROBLEM 4. 

To bisect a given arc. 



Let it be required to bisect the arc ACB. 

Join AB j bisect AB in D ; draw DC -L AB and meeting the 

arc in C. 

Then the aic is bisected in C. 

For from As ADC, BDC, AC= BC (I, Theor. 12^ ; 
and arc AC=arc BC (II, 'Theor. 6 ), 
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V. Describing Circles satisfying Given Conditions. 
PROBLEM 5. 

To describe a circle pti»sing through Hvo gn^en points and 
having its centre in a given straight line. 



Let it be required to describe a © 
passing through A and B, and having its centre in | CD. 

Join AB; bisect it in E; draw EF -L AB, 
and meeting CD in F ; and join FA, FB. 

Then F is the centre and FA the radius of the required 0 . 

For, from As AKF, BEF. AF «BF (I, Theor. 12) ; 

/, the O described with centre F and radius FA 
passes through A and B and has its centra in CD. 

Note 1. The centre of the required circle must Ikj in KF which biseotH 
AB.at right angles, and it must also be in CD ; llierefore it must l>e the 
point F in which EF and CD meet. If CD [i EF, the problem is impossible. 
If CD coincides with EF, the problem is indeterminate, and any point 
in CD will bo the centre of a circle passing through A and B. 

Note 2, Any number of circles can pass through two points A and B 
(II. Thoor. 2), and therefore a circle passing through A and B can satisfy 
other conditions. One condition besides passing through two given points 
is required to be satisfied in this Problem, and another in the next 
Problem. 
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PROBLEM 6. 

To describe a circic passing through (wo given points and touch- 
ing a given straii^ht line* 



Let it be required to describe a O 
passing through A and B and touching st. line CD. 

First, let AB meet CD in E. 

Make ET,such that ET^ « AE, EB (I, Prob. i r). 

Describe a © through A, B and T (as shewn in II, Theor. 2). 
That O shall touch E T, v ET» =EA. EB (II, Theor. 12, Cor. 2). 
Secondly, suppose AB || CD. 

Bisect AB in E, draw ET -L CD, make z TBO equal to z BTO. 
I'hen O is the centre and OB the radius of the © required. 
For the O described with centre O and radius OB 
will pass through A and touch CD at T, 

V OA — OB«OT, and zOTDisart. Z.. 

J^OTE. If CD meets AB between A and B, the problem is impossible. 
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VI. Inscribing and Describing Figures 

IN AND ABOUT CIRCLES. 

PROBLEM 7. 

In and about a ^ivcn circle^ to inscribe and circumscribe a regular 
figure of three j four^ five^ or six sides. 



i. Tc inscribe a regular figure of 3 sides, 

ihe Oi or the 4 rt. ^ s at the centre, must be divided into 
3 equal parts so that each ^ ex | of a rt. Z. * 

Take any equilateral A {h Prob. i); produce one of its sides; 
draw any radius OA ; make z s AOB, AOC each equal to 
an exterior £ of the equilateral A- 
Then Z AOB= z AOC= Z BOC, and arc AB »arc AC=arc BC. 

Hence ABC is a regular figure of 3 sides (II. Theor. 13). 

ii. To inscribe a regular figure of 4 sides, 
the O niust be divided into 4 equal parts. 

Draw any diameter, and another J. the former. 

These make at the centre 4 equal Zs standing on equal arcs. 
Hence the st. lines joining their extremities will form a regular 
figure of 4 sides (II, Theor. 13) as required. 

iii. To inscribe a regular figure of 5 sides, 
the O niust be divided into 5 equal parts. 

Describe an isosceles A having its Z ^ at the base 
double of the vertical Z. fit Prob. 12). 

Then an z at the base of this A=i of a rt. Z. 

At O make z s each equal to J of a rt. Z • 

Thus the O will be divided into 5 equal parts, and by joining the 
pts. of division, the required figure will be inscribed (II, Theor. 13). 

iv. To inscribe a regular figure of 6 sides, bisect the 3 zs 
at the centre in the first figure, and the required points of division 
of the O will be obtained. 

v. To circumscribe a regular figure of 3, 4, 5 or 6 sides, 
divide the O into the required number of parts as in the pireced* 
ing cases, and draw tangents to the O at the pts. of division, and 
the required figure will be circumscribed (II, Theor. ^4*). 
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VII. Finding the Area of a Circle 
PROBLEM 8. 

To find the urea of a circle. 





About the ©circumscribe a regular polygon of n sides, 
and draw st. lines from the centre to its angular pts. 
dividing the polygon into n equal As. 

Let the radius=r, the 0 = ^ side of the polygon=a. 

Then the perimeter of the polygon =»« 

area of each A=| Theor. 20, Note 2), 
and area of the polygon.t^^ ar x «= x aw 

= J r X perimeter of polygon. 

Now if n is increased without limit, 
the perimeter of the polygon =c 
area of the polygon = Ire 

and the area of the 0 = area of the polygon «■ Jrr. 
From the symmetry of the figure, it will be seen that the relation 
of f to r must be the same for all circles. (Ill, Prob. 6, Note a). 
The student will hereafter see that r= 2 7rr, 
and the area of the O — TTr*, 
where the Greek letter tt (Pi)=»3*i4i59265... 

He will see that tt is an incommensurable quantity the value of 
which may be found to any degree of approximation. (Ill, Prob. 6,) 
He may easily find that tt lies between 3 and 3J. 

For e > perimeter of inscribed hexagon, that is> 6r,)|^ 
and <perimeter of circumscribed hexagon, that is <60B (Fig. 2). 

a/ 2 

Now OAB=OB*-]OB» = JOB*. or OA«— 

OA* 6 0B=4'V^3 xr=6*92...r 

.\c<6*92.^,r; and 7r=tc-f-2r> 3 and <3^-. 
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SECTION IV. EXERCISER. 
Exercises Worked Out. 


Ex. I. To describe a circle passing through a given point 
and touching two given straight lines. 

Let AB, AC be the given | s 
and D the given pt. 

Then V tiie O is to touch 
both AB and AC its centre must 
be in AE which bisects /. BAG. 

I, Proh. 3. Cor.) 

Draw DFJ.AK and make FG 
equal to FU. 








‘a 

D 


Then the 0 will pass through G, it has its centre in AE 
and passes through D. 

Hence the problem is reduced to this, namely, to describe 
a circle passing through two given points D and G, and touching a 
given St. line ABor AC (for if it toucnes the one, it must tduch 
the other also) : and this is Problem 6 of this Book. The student 
should complete the demonstration. 

The case in which the st. lines are parallel is left to be solved 
by the student. It should be noticed that the problem is possible 
in this case only if the given pt. lies between the given st. lines. 

Ex. 2. To describe a circle passing through two given 
points and touching a given circle. 


Let A, B be the given pts., and CDE the 

given O* 

Take any pt. C in CDE, describe a 0 
passing through A,B,C Us shown in II, Tbeor. 2) 
and cutting 0 CDE in C and £; produce A B and 
C£ to meet in F ; from F draw FD a tangent 
to O CDE, and describe the O ABD through 
A, B and D. Then ABD shall be the 0 required. 

For AF.FB^CF." FE-FD* (II, Theor. 12); 

/.FD touches 0 ABD. And V FD also touches Q CDE, 
/•0s ABD and CDE have a common tangent at D ; 
and/. they touch each other at H (see II, Theor. 9). 



7 
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£x. 3. Given the base, the vertical angle, and the altitude, 

to construct the triangle. 

t 


On the given base AB describe a seg- 
ment of a O containing an ^ equal to 
the given Z. C; draw API iAB and 
equal to given altitude D ; draw EF 
II AB and cutti^ the segment in P" ; and 
join AF, BF. Tijen AF'B is the A re- 
quired. 



For the vertex of the A must be in the segment AFB if the 
A Is to have the given vertical angle, and it must be also in EF 
if the A is to have the given altitude. 

Hence the vertex must be their intersection F. 

Ex. 4- Given the base, the vertical angle, and the sum of 
the sides, to construct the triangle. 

On the given base AB describe a segment of a 
© containing an Z equal to half the given 
vertical Z. ; with centre A and radius equal to the 
given sum of the sides describe a 0 cutting the 
segment in C ; join AC, BC ; at B make Z CBD 
w Z C. Then ADB is the A required. 

P'or it is on the given base. Its vertical 

ZADB— zDBC-h zC=»2 X ZC=given vertical Z- And 
the sum of its sides AD + DB=AD4-DC = .\C, the given sum. 

Ex. 5. Given the base, the vertical angle and the difference 
©f the sides, to construct the triangle. 



On the given base AB describe a 
Segment of a 0 ACB containing an 
A — 2.DEH, that is, =« given vertical 
4 its supplement ; with centre A 
and radius » given difference describe 
a O cutting the segment in C ; join 
AC, BC ; produce AC and at B in 
CB make Z CBI=ZBCL Then 
AIB Is the triangle required. 

The student should supply the demonstration 
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£x. 6 . To draw a common tangent to two given circles. 

Let O, O' be the 
centres of the two ©s 
whereof the former is 
the greater. 

With centre O and 
radiusn difference of 
the radii of the two Qs 
describe a © ; from O' 
draw O'C a tangent 
to this O ; join OC ; 
produce OC cutting 
the O at A ; draw 
O'B-LO'C; and join 
BA. The I BA is a 
common tangent to the two ©s. 

For CA = 0'B and CA|10'B,/. ABUCO' (I, Th. 17 , Cor. i). 

Again V Z OCO'-a rt. Z /. Z A-a rt. Z (I> Th. 6 ). 

Similarly Z B - a rt. z • 

And.-.AB touches the two ©s. 

The student will see that another tangent A'B' can be drawn 
to the two ©s on one and the same side of the line joining 
their centres ; and also another pair of common tangents can be 
drawn each touching the ©s on opposite sides of the line 
joining their centres. 
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Ex. 7. Of all triangles that may be inscribed in a given 
circle, the equilateral triangle has the greatest area* 


Ijet ABC be an equilateral Ali^scribed 
in the O ABC, and any other A (not 
shown in the ihg.) insaibed in it. 

The A A'B'C may be shifted so as to 
have one of its angular pts. A' upon A. by 
measuring from A on both sides arcs 
those cut oS to A'B" and AV\ « 

Let AB'Cr be the new position of A 
A'B'C' ; and let the and arc ^a. 

Then arc AB'ssic? — a, and arc ACC'B' 

SSI a. 



Now if C' be not the middle pt. of arc ACC'B\ it may be 
easily shewn that AAB'C' will be increased in area by taking 
C' to the middle pt. C'', of arc ACC'B', so that the arc cut off by 
either of the equal sides of the Athus formed the afc 
cut off by the base AB' beingss Jc — a. 


The A AB'C^ again will be increased in area by taking 
B' to B" the nuddle pt. of AB'C", so that the arc cut off by either 

of the equal sides and the arc cut off by the base 

*ssaic + ia. 

Proceeding thus, we shall haveAAB'C' gradually increased 
in area, the arcs cut off by either of its equal sides and by its base 
becoming successively, and — a. 


ic — ~-o and ic + Ja, 


ic+i^ and ic— ia, 
a* 3* 


ic±— a and ic=F.— L.a, according as 
n is odd or even. 

And when n is increased without limit, the arcs approach 
ie in length, and theAAB'C' becomes equilateral, after which 
there will be no further increase in area. 
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Ex. 8. In any triangle (ABC) the middle points (D»E,F) of 
the sides, the feet (G, H, 1) of the perpendiculars on them from 
the opposite angles, and the middle points (J,K,L)of the lines join* 
ing the orthoctntre (O) with the angular points, are concjcHc. 

We have AF=BF and AT =01, 

.% FJllBH(I,Prob. 7 .Cor,i). 

Again V BF»AF, and BD=CD, 

FDBAC, 

and .•.z.DFJ«^:BHA=a rt 
Similarly zDEJ=art. L- 
Hence, F, D, E, J are concyclic 
and lie on the O of a Q whose 
diameter is JD. 

Similarly it may be shewn that 
K and L are concyclic with D, E, F. 

Again V L JGD=a rt. Lt 

/« the semi O on JD as diameter passes through G, 
and G is concyclic with D, E, F. 

For the same reason, H and I are concyclic with D, E, F. 
Thus the nine pts. D, £, F, G, H, I, J, K, and L are concyclic. 
Note. The circle DEF is called the Nine Pointa Circle* 
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Exeboisks to bi Worked out. 

(On Theorems 1 and 2, ) 

1. The perpendiculars bisecting the chords of a circle which do not 
pass through the centre are concurrent. 

2. The perpendiculars bisecting any two parallel chords of a circle 
are in the same straight line. 

8. The larger of two circles passing through two given points has 
its centre in the circumference of the smaller circle. If the diameter of 
the smaller circle is equal to the distance between the given points, show 
that the s^juare on the radius of the larger circle is double of the m^uare 
on the radius of the smaller circle. 

4. If a circle passing through three given points has its centre in 
the straight line joining two of them, that line subtends a right angle at 
the third point. 


(On Theorems 1 to 4 .) 

5. If the angular points of a parallelogram are oonoyclic, the 
parallelogram is a rectangle. 

6. A ijuadrilateral inscribed in a circle has all its sides equal ; shew 
that its angles are all equal. 

7. The middle points of all equal chords of a circle lie on the cir- 
cumference of a concentric circle ; and the difference between the squares 
on the radii of the two circles is equal to the 8(|uare on half of one of the 
equal chords. 

8. Of the straight lines that can be drawn from a fixed point within 
a circle to the circumference, the one passing through the centre is the 
greatest, and the one which being produced passes through the centre 
18 the least ; and of all others, one nearer to the greatest is always greater 
than one more remote. 


(On Theorems 1 to 6,) 

9. Of all triangles standing on the chord of an are and having their 
vertices in the arc, triangle that has its vertex at the middle point 
of the arc is isosceles and has the greatest area. 

10. The sides of an equilateral polygon inscribed in a circle, subtend 
equal angles at the centre. 

• (On Theorems 1 to 9.) 

11. The tangents at the extremities of a diameter are parallel to 
each other and to the chords bisected by that diameter. 

12. The angle between any two tangents to a circle is supplement- 
ary to the angle between the radii through the points of contacts 

13. The tangents to a circle from any point without it subtend equal 
angles at the extremities of the diameter through that point. 

14. The sums of the opposite sides of a quadrilateral circumscribed 
about a circle are equal. 
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(On T?i€orenu J to 11,) 

15. Of all triangles upon the same base and between the same 
parallels, the one that is isosceles has the greatest vertical angle. 

16. If from any point in the oiroumferenoo of a oirole perpendiculars 
are drawn to the sides of any inscribed triangle, the feet of the perpeiidio- 
ulars are in a straight line. 


(On TheorentB 1 to IJ,) 

17. If a common tangent is drawn to two intcraecting circles, tho 
portion of it between the points of contact is bisected i>y the straight 
line joining the points of iiitersoction of the circles. 

18. If two circles touch oiich other externally, and two common 
tangents are drawn to them one of which passes through the point of 
contact of the circles, shew that tho latter bisects tho portion of the 
former lying l)c tween the [loitits of coiitaQt. 

19. Two circles which touch each other externally and whoso radii 
are 2 inches and 4^ incht^s rcspoclively, have a common tangent drawn to 
them. Find the length of the portion of it lying between the points of 
contact 

2^). A chord 3 inches long is placed in a circle whoso diameter is 5 
inches. Find the distance of the chord from tho centre. 


Miscellaneous Exercises. 


1. If two chorils of a circle intors<^ct at right angles, the sum of 
the sijuares on their Hogrnents is equal to the square on the diameter. 

2. li a and h lie tho lengths of the sides of a Hf|uare and an tx^uilai- 

ernl triangle inscribed in a circle, shew that • 

•i. In a givf n square, inscribe the square whose area is the least. 

4. Ill a certain lake, the tip of a bud of lotus seemed a span above 
the surface of the water. Forced hy the wind, it gradually advanced 
and submerged at the distance of two cubits. Compute the depth of 
the water, supposing 1 cubit==2 spans. (Lilavati, § 153.) 

5. A straight line of given length moves with its extremities on two 
6xe<l straight lines at right angles to each other : shew that its middle 
point moves in a circle. 

6. If two circles intersect, the tangents drawn to either of them 
at their points of intersection meet in the straight line joining their 
centres. 

7. If two circles intersect, the straight line joining their centres 
bisecto at right angles the straight line joining their points of intersectioiu 

8. Parallel chords in a circle intercept equal arcs. 
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9. If the centres of the micribtd oiroles (thi&t is, circles touching on» 
of the sides of a trianffle and the other two sides prodnoed) be joined^ 
the orthocentre 5f tne triangle thus formed, is the centre of the circle 
inscribed in the original trian^. 

10. The distance of the point of contact of an escribed circle with 
either of the produced sides from the vertex of the angle contained hy 
them is ef[ual to the semi -sum of the sides of the trianffle ; and the 
distance of the point (d contact of the insoribod circle with any side 
from the vertex of either of the angles adjacent to that side is equal to 
the difference between the semi^sum of the sides and the side opjioBite to 
that angle. 

11. If through either of the points of in terseotion of two equal 
circles any straight line he drawn meeting them ag.ain in two points, 
those points are equally distant from the other point of intersection, 

12. If the vertical angle of a triangle and the inscribed circle 
remain fixed, the area of the triangle is the least when the triangle is 
isosceles. 

l.T If the vertical angle of a triangle and the escribe^l circle remaiti 
fixed, the. area of the triangle is the greatest when the triangle is 
isosceles. 

14. Find a point in the circumference of a given circle the sum of 
the squares of whose distances from two given i>oint'S may be a maximum. 

15. If the straight line joining the centres 0 and 0' of two circles 
of radii r and r’ he divided in R so that OR’*— O'R* —r* — ri*, and RF 
is drawn perpendicular t.o O O', the tangents drawn from any point P in 
RP (lallod the radical nxi» of the two circles) .shall lie equal. 

16. If tangents are drawn to a circle from an p' point on a 6xed 
straight line, the chord of contact passes through a fixecl point (called 
the polt of the fixed straight line which is called the polar of the fixed 
point with respect to the circle). 

17 • Place a given triangle so that its three sides shall pass through 
three given points. 

18. Place a given triangle so that its three vertices shall lie on three 
given straight lines. 

19. If from any point within a regular polygon of n sides perpendic- 
ulars be drawn to the sides, their sum is equal to » times the radius pf 
the inscribed circle. 

t20. Ill a circle, prove that an equilateral circumscril>ed polygon, 
and tStx equiangular inscribed polygon, are regular if the number of sidea 
is odd. 
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BOOK II L 

PROPORTIONAL MAGNITUDES AND SIMIT.AR 
FIGURES. 

lECTION t. DEFINITIONS. 

Introductory Remark. Geometrical magnitudes have 
poiiiion and quaniiiy. In respect of quantity, the only relations 
of magnitudes, that is. lines, angles, triangles and other figures, 
which we have hitherto considered, are, those of equality and in* 
equality. But besides the relations of equality and inequality, 
there is another important relation, namely, proportionality ^ which 
magnitudes may bear to one another, and which consists in the 
equality, not of the magnitudes themselves, but of their relations 
in respect of quantity. 

Thus, if there be two unequal triangles equiangular to one 
another, any two sides of the one and the two corresponding sides 
of the other may be all unequal, but the relation of the first men- 
tioned pair of sides to each other in respect of length, ih the same 
as that of the other pair, as will be shewn hereafter. (See 
Theorem 3 of this Book). So the relation of the side to the 
diagonal in respect of length is the same in two unequal squares. 

This relation in respect of quantity is called ratio^ and the 
equality of two ratios is called proportion. 

Dkfikitiok I. Ratio is the mutual relation of two 
magnitudes of the same kind to one another in respect of 
quantity, the comparison being made by considering what 
multiple part or parts the first is of the second. 

2. If the first of four magnitudes has the same ratio to the 
second that the third has to the fourth, the four magnitudes are 
said to be in proportion and are called proportionals. 

3. When three magnitudes are in continued proportion, the 
first is said to have to the third the duplicate ratio of that which 
it has to the second, and the second is said to be a mean pro^ 
portional between the first and the third. 
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4. In proportionals, the antecedent terms are said to be 
homologous to^one another, and also the consequents to one 
another. 

5. Similar rectilineal figures are those that have their 
several angles equal, and the sides about the equal angles pro- 
portional. 

Note 1. The fprejjoing definitions rec|uire some words of explana- 
tion. 

From the definition of the term ratio it is clear that if a and h are 
any two (juantities, the ratio of a t^> 6, written, a : will be represented 

by the fraction ^-W'hich indicates what multiple, part, or parts a is of 6. 


If c and d are two otlier magnitudes such that a, b, c and d are pro< 
portionals, then * “ ^ • 


And from the above e((uation, a number of other C(|uati(>n8 may be easily 
deduced, as shewn in books on Algebra, which indicate the existence of 
various important relations among proportional magnitudes. The exists 
ence of these relations among proportionals will be assumed in the 
following pages. 

Thus, it "i =T* then adzshc, 

0 d 

And herx^e if a, 6, r, d represent the lengths of four straight lines, then, 
liearing in mind what is said in Note 2 to 1, Thoor. ‘20, we obtain the 
following theorem : — 

If four Afraiffht fineti are in proportion^ the reclan^ffe cofUained bi/ the, 
f-r/rsmivi m e/puU to the reclanfjh contained by the meane, 

S<ime of the important relations doduoiblo from the proportion 
mb \\c. \d are given txdow^ for convenience of reference, and the student is 
i'fxpiired to supply the proofs, by consulting works on Algebra if 
necessary. 


then (1) — {iiifKrtendo or by inversion 

it c 


( 2 ) 

( 3 ) 

(4) 


— : a-, (altemando, or by alternation) 

c d 

{romponendOf or by composition), 
^^{dividendOf or by division), 


( 5 ) 


— ~ ^ {converlttidOf or by oonversion), 
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The definicion of ratio given above may seem to aasume that tho 
magnitudes concerned are coin/nen^tamb/e, that is, capable of being ex- 
pressed exactly in terms of soma common measure or unit* But geomet- 
rical maguitudes are often incommtnMiirMe. Thus, the diagonal and the 
side of a square are incommensurable. For if a represents the side, and 
b tho diagonal, then as explained lu Note *2 to I, Theor, 21, ham a, 

or ^ css ^2. Now j/2 cannot be expressed exactly by any number in. 

• 

tegral or fractional ; so that it cannot be said that h is any exact multi- 
ple part or parts of a. But as has been shewn in the Note just referred 
to, the value of can be expressed accurately to any requirwl degree 
of approximation, aud a and b can be represented numerically to any 
required degree of accuracy by adopting a unit of measurement, which 

is correspondingly small. For if inch, *.* ^/2ss|.4N213 taking 

1 ^ JO joth of an inch as tho unit of ineasurcinant, a will be represented 
by lIXMib and b by 141421 '3..., and if wx* stop at the 5th decimal plaoe, tho 
error will be less than inch. 

For practical purposes then, all magnitudes may be considereil 
commensurable, all necessary accuracy in tbe case incuiii mensurable 
magnitudes lieiiig seourod by the choice of a unit adequately small ; 
aiKithe definition of ratio will apply e(|ualiy to all magnitudes whether 
commensurable or not. 

To avoid the difficulty noticed alxivo, arising in the case of iiiuom- 
mensurablc magnitudes, Kuclid has given the following di^nition, or 
rather test, of proportionality : — 

“ The first of four magnitudes is said to have the same rativ, t/O the 
flccond which the third has to the fourth, when any equimultiples whatso- 
ever of the first and the thiid being taken, and any equimultiples of 
the second and the fourth, if tho multiple of the first bo less than that 
of the second, the multiple of the third is also less than that of the 
fourth ; or if the multiple of the first be eijual to that of tho second, the 
multiple of the third is also equal to that of the fourth ; <11* if the multiple 
of the first be greater than that of the second, the multiple of the third 
is also greater than that of the fourth. 

This will obviously follow from the Algebraical definition given above* 

For if ~ =s~, , and if ma is less than, or eciual to, or greater 

b a nb 7id, 

than n6, then me also is less tlian, equal to, or greater than nd. 

Conversely, the Algebraical definition may also be deduced from 
Euclid’s definition. 

For, if a and b are commensurable, suppose aasnx and 5=:mx where 

.a; is a common measure of a and b ; then fna^miixsatiJh, and •*. memnd, 

* • 
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If a and 6 are inooninienBurable, suppose and a^iue and 

<C(n+i)^f tlienena^ mnx and mnx+nwt that isy^nh and<(n-f>l)6, 

and me^vd and <'(n+l)d, 

80 that * and ^^^i^and also and ; 

m ^ m d m ^ m 

or the difference Ijetwecn -^aiid i^is less than that between^^l^ and JlL 
b d mm 

that And as by making x smail, we can make m as large 

m 

as we pleaHO, and as the abrive relation holds good for all values of m, 
the difference betw€jen ® and which is , must bo less than any 

assignable quantity, that is, As-—. 

o « 

Note 2 . If three rjiiantities, a, 6 and c, are in continued proportion^ 



Note 3, In this Book as in the two preceding Books, the points, 
lines, angles, and hgures referred to in any proposition, are supposed to- 
lie in one plane. 
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SECTION II. THEOREMS. 

I. DivisiOM OF Sides, of a Triangle bt Parallels 
TO THE Base. 

THEOREM 1. 

I. If a straight ItHt is drawn parallel to one side of a triangle^ 
it cuts the other two sides, or those sides produced, priportUnally. 

II. Conversely, if a straight line cuf t two sides of a triangle, or 
those sides produced, proportionally, it is parallel to the third side. 


1 

A 

r ■ (]. 

1 

A 

d/ 

\ 

! 



i 


i 1 


I. In A ABC. let DE be || BC. cutting in D, E the 
AB, AC in Fig. i, and AB, AC produced in Fig. 2 ; 

. „AD AE 

db” EO' 

Let AF be a common measure of AD, DB, 
and let AD «■ in. AF, and DB«««. AF. 

Divide AD, DB, into m and n equal parts respectively, 
and through the pts. of section dra<r st. lines || BC. 

Then these lines will divide AE into m • 
and EC into n equal parts (I, Theor. 17. Cor. 3), 
so that AE=«. AG, and EC — ». AG. 
AD_m.AF_>«_w.AG_AE 
^ DB“irAF“«""ii:AG"EC' 

• II. To prove the converse, 

if DE be not |1 BC, suppose DE' il BC, 


sides 


.AE±EC AC 


EC ' "■ E'C 
£ and £' must coincide, and DE 


AC . 
EC’ 
BC. 
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Note 1. By a method of demonstration similar to that used in thia 
liroiKisition, it may be shown that if a straight line is drawn from the 
centre of. a circle to the arc of any sector, it divides the angle at the 
centre and the arc on which the angle stands in the same ratio. 

For, )>y taking any small angle wdiioh is a common measure of the 
two angles into which the angle at the centre is divided, and dividing 
each of the two angles into parts e(|ual to tliis common measure, and 
bearing in mind that eiiual angles at the centre stand on equal arcs, we 
find that each of ]the two angles is divided into the same numlier of equal 
parts as tlie are on which it stands ; .so that, the two angles into which 
the angle at the centre is divided are to one another as the arcs on which 
they stand. 

Note 2. Similarly, hearing in mind 1, Th. 20, Cor. 2, it may be 
Hhowii that triangles ot the same altitude are to one another as their bases. 

II. Division of the hase by the Bisector 
OF THE Vertical Angle. 


THEOREM 2. 


I. If a straight line bisects the vertical angle of a triangle'* or 
its adjacent exterior angli\ it cuts the base internally or externally 
in the ratio of the sides, 

I I. Conversely^ if a straight line draivn from the vertex to] the 
base of a triangle cuts the base internally or externally in the ratio 
of the sides^ it bisects the vertical angle or its adjacent exterior angle. 


' B 

f\y " 

' 7 \ 

C ' D 


I. Let AD bisect Z. BAG (in Fig. i) 

or its adjacent exterior ^ B'AC (in Fig. a) ; 

CD CA 

Draw^CE |1 AD. Then z. AEC= z BAD or z B'AD (I, Theor.’ 6 ) 

= zCAD (by hypothesis) 
= Z ACE (I, Theor. 5) ; 
CA= EA. (I, Theor. 9 .) 
Again V AD II CE, 

BD . BA 
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TI Z' , , BD BA. 

II. Conversely let > 

then / BAD (in Fig. i) or /1 B'AD (in Fig. 2 )= ^iCAD. 

Draw C£|]AD. 

Then (III, Thcor. t) -®^(Hyp.) ; 

/. E A - CA, and /. ^ ACE - £ AEC. 

But Z.AEC=8 zBAD or ZB'AD, and ZACP-«^CAD 

(I, Theor. t> and 5) ; 


z BAD or Z B'AD » Z CAD, 
that is, AD bisects z BAC or z B'AC. 


Note 1. If BA—CA, angle BOAaanglo CBA, and angle CAB' 
(Fig. ‘2)ea twice the angle ACB (I, Theor. 8), so that angle CADsa 
angle ACB, and therefore AD is parallel to BC, and the point T> is at an 
intioite distance. In that case, the proposition is true in this sense that 
BA : AC Ixjing a ratio of equality, Bl) : CD also is, as it ought to lie, one 
ol equality, by reason of B(J, the diflerence lietween BD and CD lasing 
infiiiitely small compared witli BD and CD which are infinitely 
large. 

Note 2. If AD and AK liisect the angles BAC and B'AC, they cut the 
straight line BE harmonica ! that is, in such a manner that the whole 
lino i.s to one extreme segment as the other e.\treiiie Hegriii*rit is to 
tin* mean ; and the straight lines BD, BC, BE are in harmoHicnl pro* 
grcssiori. 


BE BA M) - 
CE-CA^CD’ 

1 CE , ^ 
and (alternately). 

^ . BE CE BE~BC 

Again bD”"CD“BC— BD’ 

BD BC— BD 

BE^BE— BC 

It has l>een observed that three musical Btrings of the same material,, 
thickness, and tension, whose lengths are in the same relation as the 
lines BD, BC and BE, produce notes whose com hi nation is harmoniom 
to the ear ; and it is from this fact that the name *harmonical projgresBion' 
is derived, And the lines BD, BC, BE are said to be in harmoniral pro- 
gression. 
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III. Similar Triangles. 


THEOREM 3. 

1. If two irianf*Us arc equiangular^ their con esponding sides 
are proportional^ and the triangles are similat . 

IL Conversely^ if two triangles have their sides taken in order 
proportional they are equiangular and similaf . 


G/ 

A 

A 

\. 


A 





B 

}-! 

f' 

. . f 






I. Let As ABC and DEF have 
ZA«aD, a DEF, and aC« zDFE ; 
AB BC ^ 

then 


Apply ADEF to A^BC so that E may be on B, and ED on BA, 
then EF shall fall on BC, V Z.DEF=Z.B. 

Let D and F be at G and H. Join GEL 
Then V e BGH- z D- z A. /, GHl| AC (I, Theor. 6) ; 

, BG BH , AG CH . 

Thtor. I); o** (by inversion), 

AB BC 

/, (by composition). But BG=ED, and BH — EF, 


AB BC 

de”ef* 


Similarly it may be shewn that 


^ CA 
EF*FD' 


IL 


^ , AB BC CA 

Conversely, lei £>£=£ 1 ? ’ 


then ziB«^DEF, zC-ZEFD. 

At £ and F make z FEG' and z. EFG' B and l C. 

Then ^ G'= Z A (I. Theor. 8) ; 
and As ABC, DG'F being equiangular are similar: 
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Similarly DF=GT. And EF is common to the As DEF,G'J^F; 
As DEF and G'EF are congruent* 
and V zD-aG'«AA, zDEF= zG^EF«ZB, 
and L DFE- aG'FEzC 
Hence the two As ABC, DEF are similar. 


THEOREM 4. 


If two triangles have one angle of the one equal to one angle of 
the other ^ and the sides about their equal angles proportional ^ the 
triangles are similar. 



Let the As ABC and DEF have zA=ZDand 


AB. 

DE‘ 


AC 

'df 


then the As are similar. 

Apply A DEF to A ABC so that 
D may be on A and DE on AB ; 
then DF shall be on AC, V z D — Z. A. 

Let £ and F be at G and H. Join GH. 

Then VAG = DE and AH=DF, and 

UJlt Ur 


and 


•**AG 

BG 

■‘•AG 


AC 

'ah’ 

^ = ^(by division), 


and /. GH l BC(III, Theor. i). 

Hence ZB=» ZAGH= and.'. zC=/F. 

(I, Theor. 8 .) 

The AS ABC and DEF are .*. equiangular, 
and they are .*. similar (111. Theor. 3 ). 

8 
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THEOREM 6. 

If two triangles have one angle of the one equal to one angle of 
the other., and t^ sides about assother angle in the one proportional 
to the corresponding sides in the other, then their, third astgles are 
either equal or ssepplementary. . 


Let the As ABC and DEF have 


^ •BA AC 
/E, 


then Z C is either equal or supplementary to L F, 

If a: A = z EDF, ^ C - Z F ( 1 . Theor. 8). 

If .£ A be not* ZEDF, make z EDF' (Fig. 3) =» / A. 
Then As ABC and DEF' are equiangular and similar ; 


. BA AC AC 

•*ed”df'“df 


(Hyp.), and 


DF'-DF, and zC- ZDF'E. 


NowVDF'-DF, /FsizDF'F (i, Theor. 9) 

= supplement to zDF'E 
= supplement to Z C* 

Note. Theoreme 3, 4, and 5 relate to the einiilarity of two trianglea 
which followH if certain conditions are satisfied. The following are the 
difi'orent cases that arise : — 

I. If two triangles are efiuiangtilar, they are similar as shoviTi in 
CTheor. 3. There is no oass of equality of triangles corresponding to this. 

II. If two triangles have their sides taken in order proportional, 
they arc similar as shewn in Theor. .3. The rose of ecjuality of triangles 
oorref^nding to this is that proved in I, Theor. l3. 

^ III. If two * triangles have one angle of the one equal to one angle 
of the other, and the sides about the eqi^al angles proportional they are 
similar as shewn in Theor. 4. Tlie cases of equality of triangles corres- 
ponding to this is that proved in I, Theor. 1*2. 

If two triangles have one angle of the one equal to one angle 
of the other, and the sides almut another angle in the one proportional to 
the corresponding sides of the other, the triangles are either similar or 
have their third angles supplementary as shewn in Theor. 5. The case of 
equality of triangles corresponding to this is that proved in I, Theor. 15. 
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IV. Similar Polygons and Triangles. 
tHEOREM 6. 

If a polygon is divided into Manxes by stredght lines joining 
a given point to its vertices, any similar polygon can be divided into 
corresponding similar triangles. 


Let the polygon ABCD be divided into As by | s drawn from O, 
and let A'B'C'D'E' be a similar polygon ; 
then A'B'C'D'E' can be divided into corresponding similar As. 
At A', B'make Zs B'A'O', A'B'O'— s BAG, ABO, respectively, 
and join O'C', O'D' and O'E'. 

Then As GAB and O'A'B' are evidently equiangular ; 

OB AB BC 

Theor. 3) =g;^Vthe polygons are similar. 

And V ,iABC=Z.A'B'C'and ZABO— A'B'O', 
/.0BC==/L0'B'C (Axiom 3). 

Hence As OBC and O'B'C' are similar. (Ill, Theor. 4.) 

Similarly, As OCD, ODE, OEA are similar to As O'C'D',* 

O'D'E', O'E'A', 

Note. If the given pt. be one 
of the vertices, A, the proposition 
may be provetl thus : — 

Jmn AV and A'D'. 

Then As ABC and A^B'C* are 
evidently similar (III, Theor. 4). 

And As ACD and A'C'D', and 
also AS ADK, A'D'K' may be ___ 
shown to \)e similar in the same manner as above. 

Cor. Hence on a given st. line A'B' a rectilineal figure 
may be constructed similar to another figure ABODE. 

For on A'B' make AA'B'C' equiangular to A ABC ; on A'C' 
make AA'C'D' equiangular to A ACD; and on A'D^ make 
A A'D'E' equiangular to A ADE. 

Then evidently A'B'C'D'E' is the figure requited. 


L 
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THEOREM 7. 

If the sirceitrht lines joining a point to the vertices of a given 
rectilineal figure are divided [all internally or externally ) in the 
same ratio^ the points of division are the vertices of a similar and 
similarly placed rectilineal figure. 



Let ALCD be a given rectilineal figure, 
and let OA, OB, OC, OD be divided all internally or externally 
in the same ratio at K\ B', C, D' ; 
then the figures ABCD, and A'B'C'D' are similar and 
similarly placed. 

OA OB _OC 

UA'~OB'“C)C'’ 

.■.ABIIA'B', and BCHB'C' (III. Theor. i), 
and /. L ABC=Z A'B'C' (I, Theor. 7, Cor.). 

Similarly the other of the two figures are respectively equal. 
Again VABIIA'B'and BCHB'C'. 

/.As OAB and OA'B' and also As OBC and OB'C' 
are similar ; 

AB OB BC 
and /.X"B'’~OB'*=^b C'* 

Similarly the sides of the two figures about their other zs 
are proportional. 

• Hence the figures are similar. 

And they are similarly placed as their corresponding sides 

are parallel. 

Cor. Hence the straight lines joining the vertices of two 
similar and similarly placed rectilineal figures are concurrent 
For let the st. lines joining AA' and BB' meet O. 

Join OC, OC\ AC, AC. 

' Then As OCA and OC'A'may be easily shown to be similar; 
/. iC AOCa= z. AOC' aud.%OC and OC' arc in the same st line. 
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Similar triangUs cmd similar polygons kas>e to,one amfher tie 
same ratio as the squares on their corresponding sides. 



i. Let ABC, A'B'C' be two similar As, 
having L BAC=s / B'A'C', ZB - z B', and Z C= Z C' ; 
AABC BC». 

AA'B'C iJ'C'* 

Draw AD, A'D' X BC, B'C' respectively. 

Then As ABD and A'fi'D' are evidently etiuiangular and similar, 

and 

A'D'“a'B'~B'C' 

^ BC AD _ BC BC _ BC^ 

”B'C' A'D' B'C'‘ B'C' B'C'» ' 

i. Let ABODE and A'B'C'D'R' be two similar polygons ; 

. ABODE Air-* 

A' B'C'D'E' A'b'"“ ■ 

For the two polygons can be divided into the same number 
of similar As OAB.'OBC, OCD, ODE, OEA, and 

O'A'B', O'B'C', O'C'D', O’D'E:', O'E'A' (111, Theor. 6), 

and AB_BC^CD^^,. 

A'B' B'C' C'D' 

. AOAB _ AB* BC* _ ,^BC . 

AO'A'B' A'B'» B'C'» A.VB'C' 

, sum of A* in ABODE _ AB® 

•‘sum of AS in A'B'C'D'E'"A'B'»’ 

_ fig. ABODE _ AB* 

®'fig. A'B'C'D'E'“a'B'»' 
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V. Relation between a Figure on the Hypotenuse 
AND Similar Figures on the other two Sides 
of a Right-angled Triangle. 

THEOREM 9. 

Jn a right-angled triangle, any rectuineal figm daerihed ufoH 
the hypolenuse is equal to the sum of the sisnilar used hmil^ly 
described rectilineal figures upon the sides contausasg dbe right am^- 


/V 


.-I 

G 

'■ '' R 1 

■ - 


Let ABC be a right angled A having the rt. / BAG, 
and let R,, R,, Rj, be similar and similarly described figures 
on BC, CA, AB ; 
thenR,=R, +R.,. 

From A draw ADxBC. 

Then As DBA, DaC are similar to aABC, 


, . , CB BA . CB CA 


and BA* = CB.BD, and CA*=CB.CD (III, Def. 5,Note i); 
.-.BA* +CA»=CB.BD-|-CB. CD-.CB». 


.jC;(i„.Tbeor.8),and«..^*, 


,.R,-i-R,_AB»-i.AC®_BC> . . i> _,_o _d 

• R/ ■ Be* sn* ' "'‘*** + 


BC* 


Note. It will be seen from the above proof, that in a right-angled 
trianffle. the three sides are so related that the hyTK>teriu8e bears to each 
eide^e same ratio which that side bears to the adjacent segment of the 
hypotenuse out off by the perpendicular on it from the right angle ; so 
that the square on each side e(|aals the rectangle contained by the 
by’potenuse and its adjacent segment, and the sum of the squares on the 
two sides must ^therefore be equal to the sum of the two rectangles, that 
is,, the square on the hypotenuse. This shews that, Theorem 21 of 
I is deducible from a mere consideration of the relative lengths 
of the hypotenuse and the other two sides of a right-angled triangle. 

This is hinted at in the Vijaganita of Bhaskara, § 146. 
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VI Relation jBETWEEN the Rectangles contained 
BY Ti^E Sides and by jhe Diagonals of a 
Quadrilateral inscribed in a Circle. 

THEOREM. 10 

The rectangle contained by the diagonals of a quadrilateral figure 
inscribed in a circle is equal to the sum of the rectangles contaiHed 
by the opposite sides. 



Let ABCD be a quadrilateral figure 
inscribed in the 0 ABCD ; 

then AC. BD- AB. CD + BC. AD. 

Make ^BAE-zCAD. 

Then V ^ABD=Z.ACD < 11 , Theor. lo, Cor. i), 
As ABE and ACD are equiangular, 

. AB BE 

and {III| Theor, 3)* 

and AB. CD -AC. BE. 

Again aBAE= z CAD, adding zLAC to each, 
/BAC-ZEAD; 

and zBCA— zBDA (II, Theor. 10, Cor. 1); 
.'.As BAC and EAD are equiangular, 

BC ED 

aad.-.^=-j^III, Theor. 3), 

and BC. AD^AC. ED. 

Hence AB. CD+BC. ADssAC. BE + AC. ED 

=AC. BD. 
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SECTION III. PROBLEMS. 

I. Division of a Straight Line in a given Ratio. 

PROBLEM I. 

To divide a j^ven straight line internally and CKternally in a 
given ratio. 



i: 



V ' 

t', ’ ' 

1 , 

A 

U B 

i 

g’ C f! 


Let AB be the given st. line and C : D the the given ratio,'; 
it is required to divide AB in the ratio of C ; D. 

From A draw any st. line AE ; make Ai^=C the longer of the 
two, C and D ; make FE==D=3FE' ; join BE, BE' ; and draw 
FG, FG'IIEB, E'B respectively. 

Then G and G' are the points of division required. 

For V FGlIEB,and FG'ilE'B, . 

AG AF C AF AG',-„ 
GB~FE“’D“FE'“’(rS^^“' *)• 
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Ill 


sec. 111.} 


II. Finding a Third, a Fourth, and a Mean 
Proportional. 

PROBLEM 2. 


To find a fourth proportional to three ):;ivcn stnxiiiht lines. 


' ! . 

i j ! 

E 


A B C 

0 f 

l;) 


Let it be required to find a fourth proportional to A, B, C. 
Take any two st. lines OD, OE inclined at any ; 
make <,)F*=A, FD=B, OG»C: join FG and draw DH||FG. 
Then GH is the fourth proportional required. 


ForvfGfiDH 


^ OF OG A 


_c 

GH- 


Cor. Similarly, a third proportional to two given straight lines A 

A R 

and B nay be found by making OG =? B ; and in that case » , 

B GH 

PROBLEM 3, 

To find a mean proportional between two given straig lines. 


F 

' i 

I -.. J . 

A B C ED 


Let it be required to find a mean proportional between A and B. 

• Take any st. line CD : make CE»- A, ED-B ; 

on CD describe the semi circle CFD ; and draw EFj,CD. 

Then EF is the mean proportional required. 

For, join CF, DF. Then ^CFD is a rt. z (IL Thcor. it), 
and AsCFE, FDE are equiangular and similar; 

CE EF A EF 
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ail. Construction of a Figure of a Given Kind 
AND Given Magnitude. 

PROBLEM 4. 

To describe a rectilineal figure equal to one and similar to 
another given rectilineal figure. 


r 


f-: L 

M L 

J K 


0 


Let it be required to describe a rectilineal figure 
equal to the figure A, and similar to the figure BCDE. 
Construct the squares FGHl and JKLM equal respectively 
to A and BCDE (I, Prob. 1 1 ) : to JK, FG and BC find 
a fourth proportional NO (III, Prob. a) ; and on NO 
construct the figure NOPQ similar to BCDE (III, Theor. 6. Cor.) 
Then NOPQ is the figure required. 

IK BC 

IK* BC» BCDE,^„ 
•‘•FG*“N0»“N0PQ^^^^' Theor. 8) 

But BCDE- JK« ; .-.NOPQ-FG* -figure A ; 
and NOPQ is simitar to BCDE. 

Note. This is the moat ^^[eneral ProHlem relating to the oonstnioticHi 
of reotilineal figures ; and Problem 11 of Book I, the help of which is here 
taken, is only a particular case of this. 
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IV. Finding the Locus of ths Vertex of a 
Triangle Satisfying certain CoNpiTioNS. 

PROBLEM 6. 

Csvefi the base of a triangle and the ratio of its sides^ to find th ' 
docus of the vertex. 





/■ 

A A 

0 D 


Divide the given base AB, internal! v and externally in the 
given ratio in C and C', and on CC' describe the semi- 
circle CDC'. 


This semi-circle is the locus required. 

For take any pt. D in the semi-circle and join DA, DB. DC, DC'. 

Then if 4ADB is bisected by DC, its exterior L will be 
bisected by DC' , V 4 CDC' being an 4 in a semi-circle is a it. 4 » 

, AD AC AC' , 
and 1)3 ihe given ratio. 

But if possible, let DC be not the bisector of 4 ADB, 
and let L BDC=:4.CDA'. 

Produce A'D to E'. 

Then DC, will bisect 4 BDE', 4 CDC' is a rt. 4. . 

„ A'C' A'D A'C A'(^' C'B _ 

Hence (alternately). 

AC' ^ AC' CB. 

C'B “ CB“ AC” CB 1 
AC' 

•'•AC' 


and 


A'C' CC' CC' , 

‘ A^®^ AC=A^ (bydivistan), 


and /. AC=A'C, that is, A and A' coincide . 
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V. Finding the Area of a Circle. 
PROBLEM 6. 

To find numerically^ the approximate area of a circle whose 
radius is unity, that is, the unit of linear measure ; or, in other words 
to find approximately the ratio of the circumference to the diameter. 


S P T R 

' ' - /v ' ;7 

^ B 


G 


It has been shown in Problem 8 of Hook II that the area of 
a © of radius r^l cr (where r“--lengih of O) 

c ). 

r® (where tt^-. 

It has also been shown that ;r >3 and< and 3 .^. 

We now proceed to find to any required degree of 
approximation. 

the numerical value of w. the ratio of the O to the diameter, 
which is abo the numerical expression for the 
area of the 0 , wr* when r=i. 

For this purpose the following theorem has to be proved, 
that if I and C are the areas of the regular polygons of n sides 
inscribed in and circumscribed about the 0 , 
and r and C' the areas of like polygons of 2 » sides, 

then 1 '--= 7ITc 7 and 

L T* A 

that is, r is the geometric mean between I and C, 
and C' is the harmonic mean between T and C. 

Let AB, QR be the sides of polygons I and C, 
and AP, ST, those of T and C', as in the Figure. 

Then As 0AM, OQP are halves of two of the « As into 
which I and C may ^ respectively divided, 

and As OAP, OST are two of the 2 n As into which V and 
C' may be respectively divided. 
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I a*AOAM AOAM JAM* OM OM 
Hence ^OAF“iAM- 0£*“ OP 

OA aO*ap 2>»aoap r 

“OQ ■" A 0 QP“a«AOQP"'C ’ 
orr*-I. C, or 1 '=a/(I. C). 

Again, ^ ( V OS bisects L POQ) - 

AOSQ AOQP 2«aOQP C. 

AOSP “ aOAP“ 2 «AOAP “1' ’ 

C + I' aOSQ«-aOSP aOQP 4 «A 0 QP 2C 
and - p - ^Qgp ^OSP“ 4«AOSP“ C" 

2 cr 

orC 

Nowifrm, and «= 4 , that l.s if the polygon is a squire, 
1 = 2 and C«4t 

and;.r=/(K C.)« >^8 = 2*8->8427i... 

2 CT <SV 8 1 6 

and C - 

=- 3 ’ 3 ‘ 37085... 

Proceeding in this way, we have tlie following table 
No. of Bides, .Area of iiiBoribcd polygon. Area circumHcriljed polygon. 


4 

2 ‘00000 

4 00000 

8 

2 82842.. 

3-3«370 

16 

306146.. 

318259 

32 

3 * 2144 - 

3i5'7* 

64 

3»3654.. 

I‘I 441 I 

128 

3M033.. 

314222 

256 

314127- 

3I4«75 

5*2 

314151.. 

3U163 

1024 

3U'57- 

3 14160 

2048 

314158.. 

3U«59 

4096 

3'I4I59- 

314159 


This shews that the areas of the inscribed and circumscribed 
regular polygons of 4096 sides do not differ down to the 5th 
decimal place if the radius Is 1, that is» their difference is less 
lhan square on the radius or linear unit. 
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And a» the area of the circle lies between these two areas, the 
difference between that area and either of these two must be 
still less. Hence if we do not want an/ higher degree of accuracy, 
the number 3*14159 may be taken to represent the area of a 
circle of radius » 1, and also to represent the ratio of the circum- 
ference to the diameter. 

By proceeding further and further as indicated above, we 
may secure any degree of accuracy that is desired. 

Notk 1. The alH}ve in takon with a Hlight modiHcation from Legen* 
dre^a Elements of Goometry, Ikiok IV, PropiiBitionB 13 and 14. 

Notk 2. It \H aBsuined iiIkjvo that tho ratio of the circumference 
of n circle to ita rarliun i« ronttfavt^ that is, tho eame for all circles. The 
truth of this is dear, and may he easily shown thus : — 

Inscribe a regular jiolygon of n sides in cru'h of two circles of radii 
r and r' ; supf^oee a and a to be the lengths of the sides of the two poly- 
gons ; and join the centre of each circle with two of the angular points 
of the polygon in it. Then tho two triangles thus formed are evidently 
e<|uiangular and therefore similar ; and from these triangles wc see that a 
is to al as r is to t\ and therefore na is to na' as r is to r', whatever tho 
rslue of w may he. Now if « is increased without limit and therefore 
a and «,* diminished without limit, •na and na\ the i>erimeters of the 
polygons, ultimately liecomc equal to the citcumfcroiices of the circles. 
Therefore the cizoumferenccs' of the circles ate to one another as their 
radii. 
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SECTION IV. EXEftCISES. 

1. Triangleft between the same parallels are to one another as their 
basee. 

2, Find the locuaof the point whioh divides every straight line 
passing through it and terminated by two hxed intersecting straight lines 
ill the ratio of its intercepts on those lines. 

X If a quadrilateral figure has two of its sides parallel, the straight 
line joining the middle points of its other two sides is parallel U> the 
parallel sides* 

4. Given the base, the ratio of the other two sides, and the vertical 
angle, oonstruot the triangle. 

5. If from the right angle of a right-angled triangle, a perpendicu- 
lar is drawn to the hypotenuse, it divides the hypotenuse into segments 
which are such that each side is a mean propc>rtional between the ny^mt- 
enuse and the adjacent segment. 

6. If ill two circles two parallel radii are drrwri, the straight line 
joining their eztreinitieH, produced l>oth ways will out off similar segments 
of the circles, standing on chords which are to on<‘ another in the ratio 
of the radii. 

7. If a triangle l>o divided into any two triangles hv a straight line 
draM'n from the vertex to the base, the ra^lii of the circles circaniscribod 
about the two triangles shall be in the ratio of the sides, 

8. In une(|ual circles, espial angles at the centres or on the ciruura- 
fereiico stand on arcs whoso chords are propr^rlional to the raiiii. 

9. In UQcxiual circles, similar segments stand upon chords propor- 
tional to the radii. 

10. Similar triangles are to one another as the sfjuaros on the radii 

of their circumscribing circles. , 

^1* Bisect a triangle by a straight lino drawn parallel to one <if iIm 
sides. 

12, The area of a regidar hexagon insc^riljefl in a circle in three- 
fourths of that of a regular hexagon circumscribed aliout it. 

13. If the three sides of a right-angled triangle are in continued 
proportion, the perpendicular from the right angle on the hypotcnu8f3 
divides it in extreme and mean ratio, that is, medially. 

14 Find the Icx;os of the point which divides in a given mtio 
straight lines drawn from a given point to a given circle. 

15 If two circles touch externally, their common tingeot is a pieari 
{proportional between their diameters. 

16. A circle rolls within another of double its radius* Find the 
IcouB of a fixed point in its circumference* 
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BOOK IV. 

PLANES AND SOLIDS. 

SECTION L DEFINITIONS. 

Introductory Remark. In the preceding three Books 

we have considered poiiiis, angles, and figures which lie in 

one plane. We now proceed to consider points, lines, and other 
geornelrical magnitudes lying in different planes. 

Dkfimuon I. A Straight line is perpendicular to a 
plane when it makes right angles with every straight line meet- 
ing it in that plane. 

2. A plane is perpendicular to a plane when the 

straight lines drawn in one of the planes perpendicular to the com- 
mon section of the two planes, are perpendicular to the other plane 

3. The inclination of a straight line to a plane is the 

acute angle contained by that straight line and another drawn 
from the point in whicli the first mentioned line meets the plane 
to the point in which a perpendicular to the plane from any point 
in that line above the plane meets the plane. 

4. The Inclination of a plane to a plane, called also a 
dihedral angle, is the acute angle contained by two straight 
•lines drawn from any the same point in their common section at 
right angles to it, one in each plane. 

5. Parallel planes are such as do not meet one another 
though produced ever so far. 

6. A solid angle is that which is made by more than two 
plane angles in different planes meeting in one point. 

\i is called a trihedral, a tetrahedral, or a polyedral 
angle, according as it is conuined by three, or four, or more than 
four plane angles. 

A solid angle is said to be COnvex when a section of its 
faces by a plane has no re-entrant angle. 

7. A pyramid is a polyhedron or solid figure contained^by 
plane figures, of which all the faces except one, called the baS0, 
meet in a point called the ?6rt8X. 
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8 . A prism is a polyhedron having a pair of parallel faces 
which are equal and similar rectilineal figures snd which are 
called its ends or bases, and having parallelograms for its other 
faces, called its side faces. When the ends are perpendicular 
to the sides, the prism is called a right prisni. 

9. A paradlelopiped is a prism with parallelograms for its 
ends or bases. 

10. A sphere is a solid hgure descril>ed by the revolution 
of a semi-circle about its diameter which remains tixed. 

11. A right cylinder is a solid figure described by the 
revolution of a rectangle about one of its sides. 

12. A right cone is a solid figure described by the revo- 
lution of a right-angled triangle about one of the sides containing 
the right angle. 

13. A tetrahedron is a solid figure contained by four 
equal equilateral triangles. 

14. A cube is a solid figure contained by six equal squares. 

15. An octahedron is a solid figure contained by tight 
etjual eijuiiatera] triangles. 

ifi. A dodecahedron is a solid fiaure contained by twelve 

equal equilateral and equiangular pentagons. 

17. An. icosahedron is a solid figure contained by twenty 
equal equilateral triangles. 

18. The projection of a straight line on a plane is the locus 
of the feet of the prrpendiculara on the plane from the different 
points of the straight line. 

N<;tk 1. iSomo <»f tiu! foregoing dffinition.s aRsuinf) flie truth of propO' 
si tionj^ Hhu'h are hereaf tor proved. ThuH definition 1 asRumeM M'liai in 
prf»ve<l ill Theorem 4, iiomHly, that a Mtraight hue can Vw at right anglea 
to all straight lin(5» in a plaiiu which meet it. definilioiia 2 and 4 
awiime what is proved in Theorems, namely, that the common Rection 
of two pianea iaa Htnvight line. Bnt the tnitliH aaaumcMl art* simple and 
evident. 

Notk 2. It iff eviclfMit thxt any number of atraighr lines may pivts ' 
thronffh one given point, and two points determine the {xieition of a 
straight line. * 

It is equHllv evident that any number of planch may pass through 
two given point*, that is, thiYiugh the straight line joining thorn, and three 
points not in the same straight line, determine the position of a plane. 

And as a straight lino may be made to tvjtate about any point in it 
a plane may be ms^ to rdtate about any straight line in it. 

9 
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SECTION II. THEOREMS. 


I. Straight Lines in one Plane. 

THEOREM I. 

One part of a sirai rht line cannot lie in a plane and another 
part outside the plane. 



If possible, let Al» pan of | ABC. be in plane P, 
and the pan BC without it. 

Since | AB is in plane P. 
it can be produced to any pi. D in P (I, Post. aL 
Now turn plane P about \ AD till it passes through C. 
Then | s ADD and ABC lying in one plane 
have a common segment. AB, which is imp jssiblc (I, A.x. lo). 

Noth. The truth of t’li'* Tliuurem la ovi lonl from the definition |of a, 
piano and Axiom 10. 
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THEOREM 2. 

/. Two siraighi lines whic h inlersect arc in one and only one 
plane, 

IL And thfee ^irai^hi lines which meet ofte another but not in 
4hc same pointy are in one plane. 



I. Let AB, lM) be two j s intersecting in K ; 
then they art* in one and only one plane. 

I^el a plane F paKs through | AB. 

Turn plane P about HA till it passes through pt. ( 

Then v C and K are in plane P, 

/. the whole | CEO is in plane P (IV, Th. i). 

Moreover | s AB, CD can lie only in plane P. 

For, if possible, let them lie also in plane P'. 

Take any pi, X in plane P'. and draw XYZ tn plane P' 
Then Y and / are in AH and CD, they are in plane P ; 
and /, the whole | XYZ is In plane P (IV, Th. i). 

Hence X is in plane P. 

Similarly, every other pt. in plane P' is in plane P, 
that i?. plane P' coincides with plane P. 

II. Let I s BA, AD, DC meet in A, D, E ; 

then they are in one plane. 

For as shown above, AB and CD arc in one plane P. 

And V A and D are in this plane, /. | AD lies in it. 

Note. It will be seen Crotn tbie pfopoeition that three points not in 
one straight line, or two intersecting straight lines, determine the posi- 
tion of a plans. 
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II. Common Section of two Planes. 

THEOREM 3. 

If two planes intersect^ their common section is a straight line. 



Let the planes, P,. P' intersect in AB ; 
then A B is a I . 

For if not, A and B may be joined by | ACB, AC'B, 
drawn in the planes P and P', 
and these lines will enclose a space, which is absurd. 
Theretore AB is a st. line. 
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III, Straight Lines Perpendicular to Planes, 

THEOREM 4. 

Jf a straight line is perpendicular to each of two straight lines at 
their point of intersection^ if is perpendicular to every other straight 
Jine tn their plane which passes through that pointy that is^ it is per- 
pendicular to their plane. 



Let AO be X BOE, COD ; 
then aO X any I FOG in plane BOC. 

Take any pt. B in OB ; make OC, OD, OE=OB : 
draw BC, DE cutting FG in F and G ; and join B» C,D,E,F,G, to A. 
Then V OB=OE, OC = OD, and ^BOC - /lEOD, 
from As BOC. EOD, BC=ED. L OBO- L OED (I, Th. 12). 

, Also i BOF = / EOG, and OB - OE 

from As BOF, EOG, BF«EG, and OF=OG (I, Th. 14). 
And V O A bisects at rt. Z. s BE and CD, 

AB=AE and AC=AD. Also BC=ED. 
Hence As, ABC, A£D are congruent (I. Th. 13), and 
ABC<» L AED. 

And hence As ABF, AEG are congruent (I, Th, 12), 
and AF<b AG. 

Thus in As AOF, AOG, OF-OG, OA is common, 
and AF«-AG ; 

^ AOF — AOG, or OA J.FG, and -t-plane BOG. 
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THEOREM 6. 

If three or more concurrent sfruij^ht tines have a common perpen 
dicular at their point of intersection^ they are coplanar. 



Let OA be X OB, OC, OD ; 
then OB, OC, OD are coplanar. 

For if not, let OD be in a plane 
different from that ot OB, OC, 
and let the plane of OB. OC cut plane AOD in» OE^ 
Then 0£ is in the plane of OB, OC ; 
and V OA-LOB, OC, 

/.OA-LOE (IV, Th. 4) ; 
and Z,AOE = a n. 2 l=AOD (by hypothesis), 

which is absurd, 

V OA, OD, and OE are in one plane, and Z AOD 
is part of ^lAOE. 

Hence OE, OD must coincide, that is, OD must be 
coplanar with OB, OC. 
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THEOREM 6. 

I. If two straight lines are parallel and one of them is perpendic^ 
ular to a plants the other is also perpendicular to the same plane. 

II. Conversely^ if hvo straight lines are perpendicular to the 
same plane ^ they arc parallel to one another. 



I. Let AB be || CD and JL plane P ; 

then CD X plane F, 

Let AB, CD meet plane P in B and D ; 
join BD ; in plane P draw DExBD ; 
take any pt, E in DE ; and join AD, AE, BE. 

Then AE’* = AB* + BE* ( V L ABE is a rt. Z. by hypothesis) ; 

■i AB* + BD* + DE*(\*Z. BDE is a rt. jl by construction) 
— AD* +DE* (v ABD is a rt. L by hypothesis) ; 
and /. DExDA (I, Th. 22). 

Thus DEJLDA and DB. and ,%-L plane BAD (IV. Th. 4). 
Now CD||AB, /.CD is in the plane BAD ; 

and ,% DExCD. ’ 

Again V CDHAB, and ABD is a rt, Ly 
^CDB is also a rt. / , and CDxBD. 

Thus CD-LBD and DE, and /. X plane P. 

II. Let AB, CD be X plane P ; 
then AB||CD. 

With the same construction as above, we have, 

AE* = AB* + BE* = AB* + BD* + DE* - AD* +DE* , 

/. DEXAD ; also DExBD by construction ; 
and DExCD by hypothesis. 

Thus DExAD, BD, CD ; 

/.CD is coplanar with AD, BD (IV, Th. 5) and ,•« with AB ; 
and V L ABD=a rt. Z. = z CDB, .% AB||CD (I, Th. 6), 
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THEOREM 7. 

Of all straight lines drawn from an external point to a plants 
the perpendicular is the shortest ; and of oblique lines drawn from the 
same pointy those that cut the plane at equal distances from the foot of 
the perpendicular are equal. 



Let AB be X plane P, AC any other | , 
and AD a third | such that BD » BC ; 
then AB <AC, and AC=AD, 

For z: ABC is a rt. z. and /.> ACB (I, Theor. 8, Cor. i), 

AC> AB. 

And from ABC, ABD, AC = AD (I, Theor. 12 ). 

Note, This corresponds to I, Theor. 10, Cor. 



SBC, II.] 


THEOREMS. 


«37 


IV. — Pa*rallel Straight Lines in Space. 

THEOREM 8. 

Strai^rht lines in space which are parallel to the same straight 
iinCy are parallel to one another. 



Let I 8 AB, CD in gpace be || £F ; 
then AB 1| CD. 

From any pt. G in EF. draw 
in the plane of AB, EF, the | GK X EF, 
and in the plane of CD, EF, the | GI XEF. 

Then VEF XGH, Gl, /. EF JLthe plane HGl (IV, Thcor. 4.) 
And V ABIIEF, .% AB-i. ihe plane HGI (IV, Theor. 6.) 
For the same reason CD -L the plane HCI. 

Hence AB|1CD (IV, Theor. 6). 

Note. Tliis corresponds to I, Theor. 7, 
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V. Projection of a Straight Line qn a Plane. 

THEOREM 9. 

Tie projection of a straight line on a plane is a straight line. 




G P._J 


Let AB be a | and P a plane ; 
then the projection of AB on P is a | , 

Suppose AC, BD -L plane P, then AC||BD (IV, Theor. 6) ^ 
and /. AC, BD are in the same plane X, 

And I AB is in X, v pts. A and B are in X (I, Def, 7). 
Now let CD be the common section of planes X and P. 
Then CD is a | (IV, Theor. 3) ; and it is the projection 
of AB on plane P. 

For, take any pt. E in AB and in plane X draw | EF X CD ; 
then EFIIAC ami - 1 - P, or F is the pi ejection of E on P. 
Similarly the projection of every other pt. in AB is in CIX 
Again, every pt. in CD is the projection of some pt. in AB. 
For take any pt. G in CD and in plane X draw GH| 1 AC. 
Then GH ± P (IV, Th. 6) ; G is the projection of H on P, 
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VI. ST;?AiaHT Lines and Planes Pakallei. 

AND Perpendicular to one another. 

THEOREM 10. 

IJ a straight line outside a given plane is puralld to a straight 
line in the planc^ it is parallel to the plane itself 



Let I AB ouiside plane P he || CD in'P ; 
then AB |'| plane P. 

For V AB||CD ihey are in ihe same plane X ; 
and if AB produced meet P, its pt of intersection mint be in CD 
the common section of X and F, 
which is impossible, v AB||CD. 



140 


ELEMENTARY GEOMETRY. [BOOK IV. 


THEOREM II. 

JJ a straight line is perpendicular to a plane, any plane passing 
through that line is perpendicular to the first mentioned plane. 



Let I AB be -L plane P ; 
then any plane M through AB is X P* 

For, from any pt. C in ihe common section HC of P and M 
draw CD ± BC. 

Then CD || AB ; and AB -L plane P ; 

/. CD -L plane P. (IV, I'heor. 6), 

Similarly it may be shewn that 
every | in plane M X BC is X plane P. 

Hence plane M X plane P. 
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THEOREM 12. 

If two interscciinj* planes are perpendicular to a third plane ^ 
their common section is perpendicular to that plane. 



A 

iM 

1 

1 i N| 


X . -- \ 

G ; 


/p c 

D \ 1 



Let planes M and N he each -L plane P ; 
then AH the common section of M and N is -i- Pt 
Vor if not, from B in plane M draw BE 
X BC the common section of M and P, 
and in plane N draw HF 
-L 13D the common section of N and P, 

Then BE and BF are both JL plane P, which is impossible; 
for suppose the plane containing: BE, BF cuts P in GH, 
then Z.EBG = a rt. Z. = Z FBG, which is absurd. 
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THEOREM 13. 

If Hvo parallel planes are cut by a third plane their common 
set Hons arc parallel. 


[m'';?- 


B ' J 0 


Let AB, CD he the common sections of the two parallel 
planes M an«i N with the plane P ; 
then AB || CD. 

For AB and CD are | s (IV, I'heor. 3 ) in the same plane P, 
and as they are in the parallel planes M and N, 
they cannot meet. 

Hence AB H CD. 

Noth, a straight line iti M can never meet a straighl line in tha 
parallel plane N, hut they are not pat allel liriuB urilesM they are in the 
same plane, tiial is, arc the coiuinnii .stxjlions of M amlN with Mome 
third plane. 

THEOREM 14. 

If two straight lines are cut by three parallel planes^ they are cut 
in ihc Siime ratio. 



Let the | s AB, CD be cut by the parallel planes M, N, P, 
in A, £, B and C, F, D *, 

,K.nAE_CF 

EB”FD‘ 

Draw AD cutting plane N in X ; and join EX, FX. 
Then V plane N || plane P, and plane ABD cuts them, 
.-.EX 11 BD(lV,Th. 13 ), 

and.%^=^(III,Th. I). 
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Again V plane N || plane M, and plane ADC cuts them, 
XF II AC, 


and 


AX^CF 
XD FD‘ 


Hence 


AE CF 
EB"FD’ 


Note. This oorresponds to III, Theor. 1. 

Cor. 1. f’arallel planes make equal intercepts on parallel 
straight lines. 

For if AB I CD, then v AC H BD, •% ABDC is a parm., 
and AB=CD. 


Cor. 2. If two intersecting straight lines in space are 
parallel to two others, (i) the first two and the other two contain 
equal angles, and (ii) they are in parallel planes. 



Let AB, AC be respectively 0 DE, DF. 

Then (i> Z BaC= l KDF. 

For make AB, AC«*DE, DF, and join AD, BE, CF,BC,EF. 
Then V AB=:and || DE, BE - and I AD ; 

and V AC=and || DF, /. AD -and t^CF. 

And hence V BE=and i CF, BC«and \ EF. 

Thus from As BAG, EDF, a BAG - l EDF. (I, Th. 13). 

And (ii) plane ABC It plane DEF. 

P'or let AG be -L plane DEF. Draw GH, GI i| AB, AC. 
Then V AG -L plane DEF, As AGH, AGl are rt. As ; 
and V AB, AC s GH, GI, z s GAB, GAC are rt. z s (I, Th. 6). 
Hence AG -t planes ABC and DEF. 
and plane ABC 1 plane DEF. 

For if they meet, | s drawn from any pt. in their common section 
to A and G will make rt. z s with AG, 
and thus two z s of a will be two rt. A 89 
which is impossible ( 1 , Th. 8» Cor. i). 
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Vll Trihedral Angles, 

THEOREM 15. 

In a trihedral angle, the sum of any two face angles is greater 
than the third. 



Let the trihedral Z at O he coniained bv the three Zs 
AOB. BOC CO A ; 

then any two of these, z AOB-h Z AOC> zBOC. 

If z 13C)C < or^ Z AOB, the proposition is evidently true. 
Suppose Z BOC> Z AOB. 

At O in BO make Z HOD= z BOA ; 
take any pts. B, C in OB. OC ; 

draw BC cntiiny: OD in I) ; make OA=OD : and join AB, AC. 
Then (rom As OBA. OBD, BA=:BD (1. Th i2). 

But BA + AC> BC (I, Th, II , that is, > BD + DC, 
/.AC> DC. 

Thus in As AOC, DOC we have, OA=OD, OC common, 
anclAC>DC; ZAOC> z DOC (1, Th, i6). 

Hence ZAOB+ Z AOC> zBOD+zDOC, 
that is, > Z BOC. 
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THEOREM 16 . 

If two iriJudral angles have the face angles of the one equal I0 
ihose of the other ^ each to each^ the itihedral angles are equal. 



Let the trihedral Zs at O and o have 
the face Z. s of the one respectively equal to those of the other ; 
then the trihedral angles are equal to one another. 

Take any pt A in OA ; make oa^OA ; 
in the planes OAB, OAC draw AB, ACXOA ; 

in the planes oab, oac draw AB, ae-^oa ; and join BC, bc^ 
Then in As OAB, oah^ V Z AOB=* /^aob (by hypothesis), 

Z OAB = z oab (each being a rt. Z ) 
OA=(?a (by construction), 
0 B-< 7 ^ AB«a^ (I, Th. i^). 
Similarly from As OAC^ oac, OC=*^>r, AC = (if. 

And VzBOC=Z^^^‘ (by hypothesis). 

A from As OBC, obc, BC = ^r fl, Th. 12). 

Hence trom AsABC, zBAC«Z^^<‘(l, Th. 13); 
that is, the inclination of face OAB to face O \C 
«the inclination of face oab to face oac (IV, Dei. 4). 
Similarly it may be shewn that 

the inclinations of the faces OAB, OAC to OBC are respectively 
equal to the inclinations of the corresponding faces of 
the solid angle at 0, * 

Hence, if the face angles are similarly situated, 

the equality of the solid angles may be shewn by 
superposition. 

If the face angles are not similarly situated, 
the solid angles may be placed so that two of their corres- 
ponding faces may coincide, and the solid angles shall lie 
symmetrically on opposite sides of the plane of coincidence, 
and must be equal by symmetry. 

Note. 1. The cases in which the perpediculars on any of the edees 
of the solid angles do not meet their other edges are left as exorcises for 
the itudent. 

None 2. It should be observed that equal magiiitudes do not always 
eoincide, and that the converse of Axiom 9 is not always true. 


10 
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VIII. Convex Solid Angles. 

I 

THEOREM 17. 

The sum of the face angles of any convex solid angle is less than 
fouv right angles. 



Let the solid / at O be contained by 
the plane zs AOB, BOC, COD, DOE, EOA ; 
then their sum <4 rt. 

Let a plane cut the planes of the face L s 
in AB, BC, CD, DE, EA ; suppose any pt. X taken within 
the figure ABODE; and from X suppose XA, XB, 

XC. XD, XE drawn. 

Then the sum of the face Z. s at O 
+ the sum of the base Z s of As O AB, OBC, etc. 

— all the z s of As OAB, OBC etc. 

=twice as many rt. Zs as there are As 
=all the zs of the As XAB, XBC etc. 

( V the number of As in each case is the same) 

-all the Zs of the fig. ABODE + the z s at X 
=all the Zs the fig. ABCDE+4 rt. Zs. 

Now each of the solid z s at A, B, C, D, E, is a trihedral z 
contained by two of the base z s of the As OAB, OBC etc. 
and one of the angles of the figure ABODE; 
and as any two of these Zs in each case>the third (IV, Th. 15), 
/.the sum of the base Zs of the As OAB, OBC etc. 

> the Zs of the figure ABODE ; 
and /, the sum of the face Zs at O <4 rt. zs. 

Cor. There cannot be more than five regular solids, that 
solids whose faces are equal regular rectilineal figures. 
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. For every solid angle of a regular solid must satisfy two 
conditions:* 

(i) It must be contained by at least 3 plane I s. 

fit) The sum of the plane ^s by which it is contained 
mustbe<4 rt. zs. 

Regular figures of more than 5 sides are excluded, 

V 3 Zs of such a figure are not <4 rt. i s. 

Again more than 5 Za of a regular figure of 3 sides, and 
more than 3 Zs of one of 4 or 5 sides are excluded by condi- 
tion (ii). 

Thus the only regular solids possible are those whose solid 
angles are contained 

(1) by 3 zs of equilateral As (as in the tetrahedron), 

(2) by 4 z s of „ „ ( „ octahedron), 

(3) byjzsof „ „ ( „ icosahedron), 

(4) by 3 Zs of squares ( „ cube), 

(5) by 3 zsof regularpentagonsf „ dodecahedron). 

Note. To ronstruct the regular Bolide by cutting and folding 
card-board or stiff paper oe^ Problem 3 at page 160. 
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IX. Volumes of Prisms, Parallelopipeds, 

AND Pyramids. 

THEOREM 18. 

Right prisms of equal altitudes and on equal ahd similar bases 
are equaL 
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Let ABCDE— FGHIJ, A'B'C'D'E'— F'G'H'rj' 
be two right prisms of equal altitudes AF, A'F' 
and on equal and similar bases ABODE and A'B'C'D'E' ; 
then they are equal. 

For if the prism A'B'C^D'E'-FG'H'I'J' be applied to 
the prism ABODE — FGHIJ so that 
the pt. A' may be on A, and | A'B' on AB, 
then B' shall be on Bv A'B' = AB, 

I B'C shall be on | BC, V z A'B'C' « z: ABC, 

C' shall be on C, VB'C'=BC, and so on ; 
that is, figure A'B'C'D'E' shall coincide with ABODE. 

Again A'F' shall be on AF,V each is -L its base, 
and F' shall be on FvA'F'- AF. 

And for the same reason, G',H,1',J', shall be on G,H,I,J, 
and the entire prism A'B'C'D'E' — F'G'H'rj' shall coincide 
with prism ABODE — FGHIJ. 

« Hence the prisms are equal. 

Note. The prisma are supposed to be hollow and their faces to be 
imaginary planes perfectly penetrable. 


OoR. I. Right prisms of equal altitudes and on equal bases 
which are parallelograms are equal. 

For each base may be easily transformed into its equivalent 
rectangle having a common side, and the parallelogram may be 
cut into parts and made to coincide with the corresponding 
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rectangle ( 1 . Th. i8. Note i) ; and the prism on each base maybe 
cut into parts in the samfe manner by planea perpendicular to 
the base, and made to coincide with a right prism of the same 
altitude on the corresponding rectangular base. Thus each prism 
will be transformed into its equivalent right prism of the same 
altitude on a •rectangular base of equal area. Again, the two 
rectangular bases may, by the proper selection of a common linear 
unit, be each divided into the same number of equal squares, and 
the two prisms on the rectangular bases may each be divided 
into the same number of prisms of the same altitude on bases 
which are squares on the linear unit, and all these prisms will be 
evidently equal. Hence the original prisms must also be equal. 

Cor. 2. Hence, right prisms of equal altitudes and on equal 
bases which are triangles, are equal. 

For they are evidently halves of prisms of equal altitudes on 
bases which are parallelograms of equal area, and these last men- 
tioned prisms are, by the preceding Corollary, equal. 

CoR. 3. And hence generally, right prisms of equal altitudes 
and on equal bases which are any rectilineal figures, are equal. 

For each base may be cut into trianges as in Bk. I, 
Prob. 10, and the prism on each base may be cut into as many 
triangular prisms by planes-Lthe base and passing through the 
lines of division of the base ; and each of these triangular prisms 
being, by Cor. a, equal in volume to a trian^lar prism of equal 
altitude on a base equivalent to its own, it is clear that each origi- 
nal prism is equal to a prism of equal altitude on an equivalent 
triangular base into which its original base may be transformed 
by the help of the above mentioned Problem. 

Thus the original prisms may be transformed into their 
equivalent triangular prisms of equal altitudes and bases ; and 
these last mentioned prisms are equal' by Cor. 2, 

Cor. 4. If two prisms have their bases and side faces 
respectively congruent, they are equal. 

For the face angles containing the solid angles of the one, 
which are all trihedral, being respectively equal to those in the 
other, the prisms have their corresponding solid angles equal 
{IV, Th. 16). They have also their corresponding edges equal. 
Hence the prisms must be equal. 
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*1 HEOREM 19. 

Parallelopipeds having the same base and equal altitudes are 
equal. 


H' 


' b ' ' /X 

A b 


Fig 1. 

Let ABCD^EFGH and ABCD— ET'G'H' 
be two parallelopipeds on the same base ABCD, 
and having the same altitude ; 
then they are equal. 

Firsts let the edges EF, ET' be in the same | as in Fig. i. 

Then GH and G'H' are also in the same | , 

V they are || EF,F/F' 
AndvEF=AB=FF..\EE'=FF'. 

For the same reason, GG' = HH'. 

AlsoAD-BC, AE=BF, AE'-BF'. 

Hence prisms AEE' — DHH' and BFF' — CGG' have their bases 
and faces congruent, and are equal (IV, Theor. i8, Cor. 4). And 
/.taking these equal prisms successively from the whole figure, 
parallelepiped ABCD-EFGH=parallclopiped ABCD^E'F'G'Hb 
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Fig. 2. 


Secondly, let the edges EF. E'F', be In different | s as in Fig. 2 . 

Produce H'E', G'F' to meet FE, GH in 1, L, J, K. 

Then by the first case, 

ABCD— EFGH, ABCD— E'F'G'H' each=.\BCD— IJKL •, 
/.they are equal to one another. 

Cor. I. If three contiguous edges AB, BC, BD, of a rect- 
angular parallelopiped, that is, its length, 
breadth, and height, contain respectively «, i, 

■c linear units, it contains axixc cubic 
units or cubes, each having its edges equal 
to the linear unit; that is, shortly stated, 
the volume of a rectangular parallelopiped 
whose length, breadth, and height are a, b, 
and c iS“« b c. 

For If the edges are divided into a, , • 

b, and c parts, and planes are drawn through the pts. of 
II the faces BCFD, ABDH, and DFGH, the parallelopiped will be 
divided into small cubes, each cube having a linear unit for its 
«dgc ; and 

the number of cube8=nuinbcr of cubes in a horizontal layer 
X numbca' of layers 
e: number of squares in DFGH 
X number of linear units in BD 
— ax^xr. 



Note 1. Bearing in mind what is said in the Notes to Theorems M 
-amd ol Book 1, it wiW he wen that a,b, ^ mayheiutegcidot irao- 
itiooal, commensurable or incommensurable. 

Note 2. This Theorem corresponds to I, Theor. 18. 
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Cor. 2. The volume of any paraIleIopiped=area of base 
X altitude. 

For any parallelopiped Is equal to a parallelopiped 
of the same altitude on the same base and having its faces 
adjacent to the base perpendicular to the base ; and this parallelo- 
piped being a right prism, is equal to another righf prism of the 
same altitude, on a base of equal area (IV, Th. i 8 , Cor. i) which 
is a rectangle : and the volume of this last mentioned parallelo- 
piped is by the preceding Corollary=area of base’x altitude. 

Cor. 3. A diagonal plane of a parallelopiped divides it into 
two triangular ptisms of equal volume ; and the volume of each 
= i volume of parallelop»ped=area of base x altitude. 

CoR. 4. Hence, since every prism can be divided into 
triangular prisms by dividing its base into triangles, 
volume of any prism=area of base x altitude. 
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THEOREM 20. 

Pyramids of equal altitudes and on bases of equal areas are equal. 




Fig. I. Fig. 2. 

Let 0 — AF^CD and o — a i t be two pyramids 
of equal altitudes and on equal bases ABCD, abc ; 
ihen they are equal. 

Divide the altitudes into n equal parts, and through the 
pts. of division draw planes || the bases of the pyramids. 

Then the sections made by these planes will be 
similar and proportional to the bases (IV, Th. 13, 14; III, Th. 8) 
and as the bases are equ^l, the sections of the one pyramid 
will be equal to the corresponding sections of the other. 

Now jn these sections let prisms be constructed, 
on the lower side as in fig. i, and on the upper as in fig. 2, 

the altitude of each being -1th of that of the pyramid. 
n 

Then these prisms in the one pyramid having their bases 
and altitudes equal to those of the corresponding prisms in the 
other pyramid, will be respectively equal (IV, Th. 19, Cor. 4). 
Let V, V be the volumes of the pyramids, 

S, s the sums of the volumes of the prisms, 
then s— S=the volume of the lowest prism in 0 — abc. 
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Now» by increasing n without limit, we can make the height 
of the lowest pyramid and therefore its volume, 

less than ^ny assignable magnitude; so that ultimately, 
S=8. 

But in that case, the difference between V and S, and that 
between v and s also vanish, ^ 
so that V=S, v=:s. 

Hence V=v. 

Cor. I. The volume of a triangular pyramid D— ABC is 
one-third of the volume of a prism ABC — DEF having the same 
base and altitude. 

For draw the plane CBD. 

Then the pyramids C— ABD and C— EDB 
which have equal bases ADB, EDB, and a 
common altitude, namely, the perpendicular 
from C on plane ABED, are equal. 

And the pyramids C— ADB and 
C— DEF, which have equal bases ABC, 

DEF, and equal altitudes, namely, the 

perpendicular distance between planes ABC, DEF, are also equal. 

Hence the prism ABC — DEF is divided into three equal 
pyramids C—ABD, C — EDB, C — DEF; or pyramid C — ADB, 
that is, D— ABC==i of prism ABC— DEF. 

CoR. 2. The volume of every pyramid is one third of that 
of a prism of equal base and altitude. 

. For it may be divided into triangular pyramids of the same 
altitude, by dividing the base into triangles, and drawing planes 
through the dividing lines and the vertex, and then the preceding 
Corollarly may be applied. 

Cor. 3. Volume of a pyramid= 3 x area of base x altitude. 
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X Volumes of Cones, Cylinders anI) Spheres. 

THEOREM 21. 

The volume of a ri^ht cone is equal to one- third of the volume of 
a rij^ht cylinder of equal base and altitude^ 



For the base which is a © he divided into 
an indefinitely large number of small sectors like O a A» 
which may be regarded as triangles, 
and right prisms and pyramids constructed upon them, 
having the same altitude as the cone, 
and the pyramids having the vertex of the cone for their vertex. 
Then vol. of each pyramid = V of vol. of corresponding prism, 
and sum of the vols. of the pyiamids=J of sum of ^ the vols. of 

the prisms, 

And as these sums are respectively the vols. of the cone and cylinder , 
.\vol. of the cone — ^ of voL of cylinder. 

Cor. 1. If r=radius of the base, and A=height of the cone, 
vol. of cylinder — Trr*^, vol. of cone — j7rr*A. 

Cor. 2 . Area of the convex surface of the cylinders awr A , 

(found by dividing the area into elementary rectangles like 
Kad A') ; 

zirrh* 

and area of the convex surface of the cone= , 

2 

where ^'=s]ant height AO', 

(found by dividing the area into elementary triangles like AaO'). 
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THEOREM 22, 

The surface' of a sphere is equal to the convex surface oj the 
circumscribed cylinder^ and the volume of a sphere is equal to 
tiifodhirds of the volume of the circumscribed cylinder. 


U ; T 

P 


• A N ' 6 

1 

B 


f-et APB be the semi-circle (whose centre is O, and radius =:r) 
and ABCD the rectangle (that is, half the circumscribed square) 
which by their revolution about AB describe the sphere 
and the cylinder. 

Let P, P' be two pts. on the 0 so close to one another that 
TPP may be regarded as a tangent to the 0 at P. 

Join OP ; draw EPN, ET'NU AB ; and let PP' meet AB in F. 

PP' PT 

Then Theor. i) 

OP 

«pj^(from similar As EPT, NOP) 

=f-N(VEN-OP); 

PN.PP'=EN. EE'. 

Now the area of the surface generated by the chord PP' 

» curved surface of a frustum of a cone whose 

vertex is F 

of air PN. PF— J of tit P’N'.P'F 
= awxi(PN. PF— P'N'.F'F') 

P'F P'N' P'F\ 

-3Txi (PN. PF-PN 3 ij;.P'F) (for p^- pp) 

PN 

-airxppxj (PF*— P'F') 


«2T. 

=air. 
■ aw. 


\ (PF + P'F)(PF— P'F) 


PN 
PF 

^ i (PF + P'F) xPP' 

PN. PP, ultimately, when P, P' are consecutive pts., 
that is, when chord PP' coincides with arc PP' 
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Hence area of the zone of the sphere ji^eneratcd by PP' 

• -2T.PN. PP'=2T. EN. EF (vPN. PF-EN. EE^) 
tsarea of the surface of the cylinder generated by EE'. 

And the whole surface of the sphere 
s=the whole convex surface of cylinder 
= 27 rrx 2r 
=47rr“ 

To find the volume of the sphere, 
we may take any three contiguous pts. on the surface forming a A . 
and suppose the whole surface divided into small As like that, 
and the whole volume divided into small pyramids on these A ^ 
with the centre for their vertex. 

Then volume of each pyramid of rxarea of base, 

and volume of the sphere - sum of the volumes of ilit 

pyramids 

= J X r X sum of areas of bases 
= I X r X area of whole surface 
»|xr X47rA‘^ 
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SECTION III. PROBLEMS. 

I. DRAWtNG Perpendiculars to Planes and 
Straight Lines. 

PROBLEM I. 

To draw a perpendicular to a plane from a jfiven point milhout it. 



In the given plane, P, take any ] BC, 
and from the given pt. A draw ADJLPC. 

Then if AD-Lplane P, the thing required is done. 

If not, in plane P, draw DEJLBC, and draw AFxDE- 
Then AF-Lplane P. 

Draw FCi || BC. 

ThenvBDlAD and ED,.*. BD-Lplane ADE (IV. Th. 4) : 
andvGF||BD,.*.GF-Lplane ADE (IV, Th. 6 ), 
and.*.GF-l.AF, or AF-LGF. 

Also AFXDE; 

/.AF-Lplane P which contains D£, OF. 

CoR. Hence we can draw a perpendicular to the plane P 
from a given point H in it. 

For take any pt. A outside the plane P : draw AF-Lplane P, 
and from H draw HIHAF. Then evidently HI-Lpiane P. 
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PROBLEM 2. 

To draw a straight line perpendicular to two straight lines not 
in the same plane. 



Through any pt. B in AB, one of the given | s 
draw BE lien the other jgtven | ; 
fiom any pt. F. in CD draw FGXpIane ABE ; 
through G draw GH1|CD and meeting AB in 

and draw HI1|GF and meeting, CD in I. 
Then HI is the perpendicular required. 
For V HI 11 GF and GF -L plane ABE, 

HI -L plane ABE and X AB. 

Again V GH |1 CD. and L GHI is a rt. Z , 
I HIF is also a rt. z> 
that is, HI X CD. 

Hence HI X AB and CD. 
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II. Construction of Regular Solids. 

PROBLEM 3. 

To construct the five regular solids. 



»»'Vv . ■*- ' 









X ■, 



. A, Ai- 



IV. Dodecahedron. V, Icosahedron. 

Draw on paper, equal equilateral triangles, 4 in number, as 
in Fig. I, 8 in number, as in Fig. Ill, 20 in number, as in Fig. V ; 
equal squares, 6 in number, as in Fig. II; and equal regular 
pentagons, 12 in number, as in Fig. IV. 

Cut the paper along the free edges in each Figure, and fold 
the paper along the joined edges ; and five regular solids will 
be foTined, that is, the Tetrahedron from Fig. 1 , the Cube or 
Hexahedron, from Fig. II, the Octahedron from Fig. Ill, the 
Dodecahedron from Fig IV, and the Icosahedron from Fig, V. 
And these are the only regular solids (IV, Th. 17, Cor.). 
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SECTION IV. EXERCISES. 

1. The aoutc angle which a straight line inakos with its projection 
on a plane, is less than the acute angle which it makes with any other 
straight line meeting it in that plane. 

2. If two planes intersect, and straight lines are drawn in one of 
the planes froi^i any point in their common seotioti, then of these lines, 
the i>ne drawn perpendicular to the common section has the greatest 
inclination to the other plane, 

3. The angle between two iiiLersocting planes is equal to the angle 
between their intersecting normals. 

4. If a straight line is parallel to each of two intersecting planes, it 
is parallel to their common section. 

3. If a straight line intersects two parallel pianos, it nuikos equal 
angles with them. 

K. If two parallel straight linos intersect the same idane, they make 
equal angles with it. 

7. If three pianos intersect one another, their three linos of intorseo* 
tion are either concurrent or parallel. 

5. If two planes are drawn, one through each of two paralhd 
straight lines, their common section is parallel to each of those lines. 

0. Give the reason why a table with any thnjc legs may stand with 
all its legs touching a plane floor, but one with four or more logs will not 
so sUnd unless the legs are equal or otherwise properly adjusted. 

10. There cannot ho more than five regular solids. Construct the 
five regular solids by cutting and folding card- board or stiff paper. 

11. Any face aiKclc of a trihedral angle is less than sum and 
greater than the differonco of the supplements of the othei two facje 
angles. 

12. The lines joining the centroids of any two faces of a tet raliedron 
cut each other into segments which are as 1 : 3. 

13. Every plane section of a sphere is a circle. , 

14. Ever 3 ’ section of a right cone made by a piano passing through 
the vertex consists of two intersecting straight lines. 

l.j. Every section of a right cone by a plane perpendicular to tho 
axis is a circle. 

16. Shew that the volume of a tank whose top and liottom are rect- 
angles wliereof the lengths and broa<lth8 are h\ whose depth is d, 

and whose sides have uniform slope, is Jdx[ + {i+l') 

(Lilavati,'§22l.) 
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